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P H P =⇒ Q ≡ ¬P ∨ Q Q RC � � � � � � N� R 6= Q =⇒ ¬P Q

� H (P ∧ Q) ∧ R ≡ P ∧ (Q ∧ R)

ST� ! ! C R �� � � N � � � G� ∧

U Q

V H (P ∨ Q) ∨ R ≡ P ∨ (Q ∨ R)

ST� ! ! C R �� � � N � � � G� ∨

U Q

W H A ∨ (B ∧ C) ≡ (A ∨ B) ∧ (A ∨ C)

S G �! � � � �  � � N � � � G� ∨!  � ∧

U Q

X H A ∧ (B ∨ C) ≡ (A ∧ B) ∨ (A ∧ C)

S G �! � � � �  � � N � � � G� ∧!  � ∨

U Q
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P H R =⇒ (S =⇒ R) H

� H (R =⇒ S) =⇒ ((S =⇒ T ) =⇒ (R =⇒ T )) H

V H (R ∨ S) ⇐⇒ ((R =⇒ S) =⇒ S) H

W H (R =⇒ (S ∨ T )) ⇐⇒ (S ∨ (R ∨ T )) H

X H (R =⇒ S) =⇒ ((R ∧ T ) =⇒ (S ∧ T )) H

� H (R ⇐⇒ S) =⇒ ((T =⇒ R) ⇐⇒ (T =⇒ S)) .
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P H ((∀x)(R ∨ S)) =⇒ ((∀x)R ∨ (∃x)S) H

� H � �

xD M �D �� � N ��D � � ! G�D ! R Z ((∀x)(R ∨ S)) ⇐⇒ (R ∨ ∀xS) H

V H � �

xD M �D �� � N ��D � � ! G�D ! R Z (∃x)(R ∧ S) ⇐⇒ (R ∧ (∃x)S) H
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x N� � � `� E� � C � �� � �

P

a U O

P H ∃x, x N� � � `� P H

� H ∀x, x N� � � `� P H

V H ∃x, ∃y Z �� E �  � E� RC   E� (x, y) N� � � `� P H

W H x N� � � `� P1

� �

y N� � � `� P2 H

X H x N� � � `�

P1

C  y N� � � `�

P2 H� H ∃x, ∀y, x N� � � `� P1

� �

(x, y) N� � � `� P2 Hb H ∀x, ∃y, x N� � � `� P1

C  (x, y) N� � � `� P2 Hc H ∀x, x N� � � `� P1 Z C  ∃x, xD � N� � � `� � ! P2 H
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GM � Ef N�! H h �D ! �

x �! � G�D ! E� R E� ! ! � c! � � � � G  � � � � x ∈ c H eD D C �� C

EM �D ! � � � E� G�! R E� ! ! �! Z A EM �D ! � � � E�

G�! �D F EC  �CD �! � �

E

EM �D ! � � � E� G�! � �! �D C  �CD �! H iC � �� E �! � � E�! � ! ! � � � �CD ! !  � N�D ��! Z   �! E�! D �� � H

P H j E �k �! ��  D � Ef N� � �  G ��D � EM �D F E� �! H

� H K �D ! �C  ��! E�! R E� ! ! �! Z � E �k �! ��  D � Ef N� � �  G ��D � EM �D F E� �! H

V H g� � � Ef N� X

� �  G �� EM �D F E� �! � � EM �! � F D C E H

W H h  �C �D !  D � Ef N� � �  G �� EM �D F E� �! � � EM �! � F D C E H

X H lC  ! E�! � Ef N�! � �  G ��D � EM �! � F D C E � �  G ��D � �F � E� ��D � EM �D F E� �! H

� H K �D ! �C  ��! E�! R E� ! ! �! Z �  �C �D !  D � Ef N� � �  G �� L E� [C �! EM �D F E� �! � � EM �! � F D C E H

b H K �D !  D � R E� ! ! � �  �C �D ! Z �C  ! E�! � Ef N�! � �  G ��D � L E� [C �! EM �D F E� �! � � EM �! � F D C E H

P

c H e  � ��D G�D ! �C  � � R E� ! ! �  D � Ef N� � �  G �� L E� [C �! EM �D F E� �! � � EM �! � F D C E Z C  � ��D � E �k �! � �  D �

R E� ! ! � G�D ! E� �  � E E� �C  ! E�! � Ef N�! � �  G ��D �! C � � EM �D F E� �! ! C � � EM �! � F D C E H

m H � � G�D ! �C  �� R E� ! ! � Z � E �k �! � �  D � Ef N� � �  G ��D �! C � � EM �D F E� �! ! C � � EM �! � F D C E Z � EC �! � E �k �! � �  D �

R E� ! ! � G�D ! E� �  � E E� �  �C �D !  D � Ef N� � �  G �� L E� [C �! EM �D F E� �! � � EM �! � F D C E H

P � H lC  � � Ef N� � �  G ��D � EM �! � F D C E � �  G �� EM �D F E� �! Z � � � � R � � C �  � ��D � H

P P H nD � �  D ! �  E � Ef N� � �  G �� EM �D F E� �! � � EM �! � F D C E H
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P H ∀x, P (x) ∧ Q(x) � �

(∀x, P (x)) ∧ (∀x, Q(x)) Q

� H ∀x, P (x) ∨ Q(x) � �

(∀x, P (x)) ∨ (∀x, Q(x)) Q

V H ∀x, (P =⇒ Q) � �

(∀xP ) =⇒ (∀xQ) Q

W H ∃x, P ∨ Q � � ∃xP ∨ ∃xQ Q

X H ∃x, P ∧ Q � � ∃xP ∧ ∃xQ H
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n

G�  k �D � �� �! H �CD � � � � E�! � ! ! � � � �CD ! !  � N�D � �! STCD  C  � � � RCD ! � G� � � � E�  �

RCD � � �  C ! � � U H

P H � �

an − 1 �! � � � � �� � Z � EC �! a = 2 � �

n �! � � � � �� � H

� H � �

an + 1 �! � � � � �� � Z C q

n > 1 � �
a > 2 Z � EC �! n �! � � �� H

V H � �

an + 1 �! � � � � �� � Z C q

n > 1 � �
a > 2 Z � EC �! a

�! � � �� � �

n

�! �  D �   �! ! �D R� G� 2 H
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n  D �D � �� � ! � � � R � � ��D �  C ! � � � [ Z � �

pn Z! M � E �k �! �� Z E� n s �f �� D C � �� � � � � �� � H

P H tD � � �! CD D �D � � � EM � �!  � G� Z �CD � � � � �  M � E �k �! ��  D � �D `D � � � G� D C � �� �! � � � �� �! S RCD ! � G� � � �

p1p2 · · · pn + 1 Z C q
n �! � H H H U H

� H �CD � � � � �  �  C  � � C  � �D � �� � n! � � � R �� ��D �  C ! � � � [ Z pn 6 22n H
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E� D C � �� � G� G �� F CD � E�! GM  D

 C Ev F wD � L
n! C � �� �! �! � n(n − 3)

2

H x � C  C ! � �  D � �  � � � �� � �C G� G� R� E R  E H

@A .- B 3 B . / / � � CD � � � � E� [C � �  E� G� �C � N� � O  C  � �C  � �D � �� �  C ! � � � [

n Z � � �C  � � � � E

θ Z

cos(nθ) + i · sin(nθ) = (cos(θ) + i · sin(θ))n.
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P H ∀n ∈ N,

n
∑

k=0

(

p

k

)

= 2n H � H ∀n ∈ N, ∀p ∈ N,

n−p
∑

k=0

(

p + k

p

)

=

(

n + 1

p + 1

)

.

@A .- B 3 B . / \ � xC  � i1, . . . , in > 0

�� E! �  � i1 + · · · + in = k Z CD D C ��

(

k

i1, . . . , in

)

=
k!

i1! · · · in!

H x� �

RCD N�D � �CD Z

(

k

i1, . . . , in

)

�! �D  E G�D ! E�! �  � � �! R� ! H � CD � � � � E� [C � �  E� G  �  E � �D w �� O

∀n ∈ N, ∀(x1, . . . , xn) ∈ R
n, ∀k ∈ N, (x1 + · · ·+ xn)k =

∑

(i1 ,...,in)∈Nnyz

i1+···+in=k

(

k

i1, . . . , in

)

xi1
1 · · ·xin

n .

�
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n ∈ N∗, a1, . . . , an ∈ R, b1, . . . , bn ∈ R∗

+.

�CD � � � � �  � O

min

(

a1

b1
, . . . ,

an

bn

)

6
a1 + · · · + an

b1 + · · · + bn

6 max

(

a1

b1
, . . . ,

an

bn

)

.
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P H �C � �

(un)n∈N

E� !  � �� G� `D �� � � u0 = 1 Z u1 = 1
2

Z � � ∀n > 2, un =

√

u2
n−2 + u2

n−1

2
.

�CD � � � � � � � � R  � � �D R� !  � n �  �  C  � �C  � n Z 0 6 un 6 1 H

� H �C � � �� �D ��D �D �

(un)n∈N

E� !  � �� G� `D �� � � E� � � �� � � R  � � �D R� Z �� �! GCD � E�! �� � ��! �D � � ��  k

u0

� �

u1

! CD � G�! � � � E!  C ! � � � [! �  � E RCD �  �! H �CD � � � � �  � (un)n∈N

�! � � C �D � � H

V H � � �� �  �! � �CD  C  � (vn)n∈N

G� `D �� � � v0, . . . , vk−1 > 0 � � ∀n > k, vn =

√

v2
n−k + · · · + v2

n−1

k
.
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(un)n∈N

E� !  � �� G� `D �� � � u0 = 1 � � ∀n > 1, un =

√

u2
0 + · · · + u2

n−1

2n
.

P H �CD � � � � �  �  C  � �C  � n G�D !

N Z 0 6 un 6 1 H

� H �CD � � � � �  � (un)n∈N

�! � G� R� C �! ! �D �� H �� !  � �� (un)n∈N

RCD N� �F � s � s� E E� �

V H � �� � E ��  D � � � E� � �CD G� � � R  � � �D R� GM C � G� � 1! � � �! [� � �� � � (un)n∈N

H

W H �CD � � � � � � � � R  � � �D R� !  � n �  � O ∀n ∈ N
∗, u2

n =

(

1 − 1

2

) (

1 − 1

4

)

· · ·
(

1 − 1

2n

)

.

X H tD G� G  �� � EM �D R� G� � ��D �!  � N�D � O ∀n ∈ N∗, 0 6 un 6 exp

(

−1

4

(

1 +
1

2
+

1

3
+ · · ·+ 1

n

))

.

@A .- B 3 B . / p � � CD � � � � �  � O ∀n ∈ N
∗,

(

2n

3
+

1

3

)√
n 6

n
∑

k=1

√
k 6

(

2n

3
+

1

2

)√
n.

tD G� G  �� � E� E � � � �� �  �D G

n

��D G N� �! EM �D `D � G� E� !  � �� (un)n∈N∗

G� `D ��  C  � � C  � n ∈ N
∗ � � O

un =
1

n
√

n

n
∑

k=1

√
k.
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Hn

E� !  � �� �� � �CD � �  � Z G� `D �� � � O

H0 = 0, � � ∀n ∈ N
∗, Hn =

n
∑

k=1

1

k
.

P H �CD � � � � �  � O ∀(m, n) ∈ N
2,

1

k + 1

(

k + 1

m + 1

)

=
1

m + 1

(

k

m

)

.

eD � �   � E E� �  � � � RCD N�D � �CD Z

(

n

p

)

�! �D  E! �

p > n H

� H �CD � � � � R �� R  D � G�! � F � E � � �! !  � N�D ��! O

ST� U

∀(m, n) ∈ N
2,

n
∑

k=1

(

k

m

)

Hk =

(

n + 1

m + 1

) (

Hn+1 −
1

m + 1

)

,

V

S � U ∀n ∈ N
∗,

n
∑

k=1

Hk = (n + 1)Hk − n,

S R U ∀n ∈ N
∗,

n
∑

k=1

H2
k = (n + 1)H2

n − (2n + 1)Hn + 2n.
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� � � � �� !  � N�D � H �C � �

m

� �

n

G�  k �D � �� �! H �  �  D � � � � �f � � E �F D � Z CD � R� � � R w � � L R w ��

m

� �

n H �  � E�

E �F D � !  � N�D �� Z CD � R� � � E� �  C � ��D � G� E� G � N �! �CD �  R E � G ��D D � G� m � � 2

S CD C  � E �� GCD R E�! G� R � �� E�! U

! C  ! E� N� E�  � G� m Z � � CD � R� � �

2n! C  ! E� N� E�  � G� n H eD RCD � �D  � � �D ! � O G�D ! E� � � � �f � � RC ECD D � Z CD

� ! ! � GM  D � E �F D � L EM �  � � � �D G � N �! �D � � � 2 Z G�D ! E� G�  k �f �� RC ECD D � Z CD �  E � �  E �� � � � H eD ! M � � � � ��

EC �! �  M CD � C � ��D  P G�D ! E� � � � �f � � RC ECD D � H eD �� � � � �D !  � �� �C  � �! E�! E �F D �!  C  � E�! �  � E E�! E�

D C � �� � ! � �  � G�D ! E� � � � �f � � RC ECD D � �! � � �� H eD [� � � �D `D E� ! C � �� G�! D C � �� �! ! � �  �! G�D ! E�

G�  k �f �� RC ECD D � � �D CD �� � � �! H eD D C �� ϕ(m, n)

EM �D � �� � C � ��D  H �CD � � � � �  � ϕ(m, n) = m · n HnD �k � �  E� G� � �! � �D �   E � R� � �CD G� R� � � EF C � � � � ��  C  � R� E R  E� � 11 · 17 O

11 17
5 34
2 68
1 136

187
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(un)n∈N

 D � !  � � � GCD D � � � � ! �! G�  k �� � ��! �D � � ��  k u0

� �

u1 Z � � E� � � E� � �CD G�

� � R  � � �D R� !  � N�D �� O ∀n ∈ N Z un+2 = aun+1 + bun Z C q

a

� �

b

! CD � G�  k � � � E! `k �! H

P H eD !    C ! � �  � EM � �  � � �CD x2 − ax − b � G �� � G�  k � � R �D �! G �! � �D R ��! r � �

s

G�D !

C H

S � U � CD � � � � �  �  C  � �C  ! RC �  E�k �! λ � �

µ Z E� !  � �� RC �  E�k � (λrn + µsn)n∈N

N� � � `� E� � � ��

� � E� � �CD G� � � R  � � �D R� �  � (un)n∈N

H

S � U � CD � � � � �  M � E �k �! ��  D � �  D ! �  E RC   E� (λ, µ)

G� D C � �� �! RC �  E�k �! � � E! �  � λ + µ = u0� �
λr + µs = u1 H

�CD � � � � �  M � EC �! Z  C  � �C  � n > 0 Z un = λrn + µsn H

S R U �C � �
(un)su

G� `D �� � � u0 = 2 Z u1 = 3 � � ∀n > 0, un+2 = 3un+1−2un H tk  E � R � �� � Z  C  � �C  �
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