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(0, 0)

fI405srtc��;ou+v��c��;5
f : R

2 → R
fI.kh;�;��4<5sw;)�x#y

a) f(x, y) =
x3 + y3

x2 + y2
b) f(x, y) =

(1 + x2 + y2) sin y

y
c) f(x, y) =

xy

x + y

d) f(x, y) =
sin x − 5-,

y5n,
x − sin y

e) f(x, y) = xy f) f(x, y) =
xayb

xc + yd

g) f(x, y) =
(x + y)2

x2 + y2
h) f(x, y) = x sin

(

1
√

x2 + y2

)

i) f(x, y) =
x

√

x2 + y2
sin

(

1
√

x2 + y2

)
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f : R

2 → R
oi�~��fI405v5-c`�;50�`z|+v�;fI�e4ix}qQp 4kmI�35�+v4i�;oi4�4i+�q3)�okc���+-�e���;�~+v.�fI405

fI.ixv�e�`.i4<5}w;)�x-+-�e4iqeq�4<5i�

a) f(x, y) =







x3 − y3

x2 + y2

5n�
(x, y) 6= (0, 0)

0
5n�

(x, y) = (0, 0);
b) f(x, y) =







x sin y − y sin x

x2 + y2

5n�
(x, y) 6= (0, 0)

0
5n�

(x, y) = (0, 0);

c) f(x, y) =

{

x2 5-� |x| > y

y2 5-� |x| 6 y;
d) f(x, y) =

{

y2 sin
x

y

5n�
(x, y) 6= (0, 0)

0
5n�

(x, y) = (0, 0);

e) f(x, y) =

{ xy

|x| + |y|
5n�

(x, y) 6= (0, 0)

0
5n�

(x, y) = (0, 0);
f) f(x, y) =

{ xy

x + y

5n�
(x, y) 6= (0, 0)

0
5n�

(x, y) = (0, 0);
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f
qe){rtc��;ou+v��c���f�.kh;���e4#w;)`x#y

f(x) =











2y
5n�

x > y2

2x

y

5n� |x| 6 y2 4k+ y 6= 0

−2y
5n�

x 6 −y2 �
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f
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R
2 �

�I��'�c���+-xv4ixl2���p ��q���p 4kmI�35�+v4g)��;oi���
(A, α, β) ∈ R × R

∗

+ × R
∗

+

+v4iq�2���41y
∀(x, x′, y) ∈] − α, α[×] − a, a[×] − β, β[, |f(x, y) − f(x′, y)| 6 A|x − x′|.
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(x, y) ∈ R

2 � c`��fI.ih;����+ fx,y : [−1, 1] −→ R
w;)`x

fx,y(t) = xt2 + yt � 4k+lc��8�;c�+-41y
F (x, y) = sup

t∈[−1,1]

fx,y(t).� ���})`qeoi��q�40x
F (x, y)

�
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F
5-��x

R
2 �
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f : R → R

f�4\okq3)`5v5-4
C2 � 4i+ g : R

2 → R
f�.kh;���e4{w;)�x\y

g(x, y) =







f(x) − f(y)

x − y

5-�
x 6= y

f ′(x)
5-�

x = y.��4!���I+�f�4#qQp 4kmI4ix�ok�3ok4!4<5�+lfI4#/1c`��+vx-40xs2���4
g
4<5�+�f�4!oiqe)�5-5-4 C1 5-��x

R
2 �R�Xc`��+ x0 ∈ R

�
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g
qec`x�5v2��;4

(x, y)
+v4i�;f��`40xv5

(x0, x0)
� )��`4<o x 6= y � 405n+ f ′(x0) � �e�;f���y;�����|�k����*f�.0fI���exv4!2���4

g
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R
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�I�s�Vc`�;x
h ∈ R

∗ � 4imXw;x-�e/14ix g(x0 + h, x0) − g(x0, x0)

h
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f
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� �s�Vc`�;x
x 6= y

o0)�q3ok��qe4ix ∂g

∂x
(x, y)

4i�8rtc`�;ok+-�ec`��fI4
(x, y) � 4i+�fI.k+v4ixv/1����40xl5-){qe��/1��+-4�����*f�.0fI���exv4!2���4

g
4<5�+lfI4goiqe)�5-5-4 C1 5-��x

R
2 �
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(0, 0)

fI4<5srtc`�;ok+-�ec`�;5�5-���e�Z)���+-4<5 � .i��4i��+-�;4iqeq�40/{40��+sw;x-c�q�c����`.0405}w;)�x�oic`��+-�e�X���~+v.<� y
� �

f(x, y) = 1 + x −
√

1 + x − y

�I�
f(x, y) =

1
√

2 + x + ln(1 + y)

�
� �

f(x, y) =
1

√

1 + cos(x + y)

�

� �
f(x, y) =

sin(x + y) − sin x − sin y

xy

�
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f
w�c`�;x�q�4<5}rtc`�;ok+-�ec`�;5�fI.ih;���e405�wR)�x#y

� �
f(x, y) = x2 − xy + y2 + x3

�I�
f(x, y) = (x2 + y2 − 8)(x2 + y2)� �
f(x, y) = ex2y2

� �
f(x, y) = x sin y
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f : R

2 → R
fI.khR����4#wR)�x!y

f(x, y) = (x2 − y)(3x2 − y)
�

� �s��xvc`�;�`4ixl2���4�wRc���x�+-c��I+
λ ∈ R

� q p )`w�w�qe�eo0)Z+-�ec`� gλ : R → R
f�.kh;���e4gw;)`x

gλ(x) = f(x, λx)
)`f�/{4i+�����/1�e����/\��/

qecIoi)�q�40�
(0, 0)

�
�I�s� 5n+n��ok4g2���4

f
)`fI/14i+s�;��/1�e���e/���/ q�cIoi)`q�4i�

(0, 0) 
��c`�;oiq��R5n�ec`��y�����4drtc`�;ok+-�ec`��w�4i��+})`f�/{4i+n+vx-4d���(/1�e����/\��/ q�cIo0)�q�4i�����(wRc�����+�5n��x +-c��I+-4 fI��xv40ok+-�ec`� � 5v)��;5�2��;4dok4 5nc��~+}���/1�����e/��;/ qecXo0)�q�5-��x����j�`c��e5-�e�;)���4df�)`�;5
R

2 �
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(0, 0)
4<5�+-� �eq����j4kmX+-xv4i/\��/ qecIoi)�q�f�405srtc��;ou+v��c��;5

f
fI.ih;���e405l)`�8��c`�35n�e�;)���4dfI4

(0, 0)
w;)�x#y

� �
f(x, y) =

√
1 + x

1 + y�I�
f(x, y) = sin(xy) + e−xy

� �
f(x, y) = y6 Arctan(x2y) + sin(x6y6) − x2y7 − 1

3
x6y9.

� �
f(x, y) =

1 − xy + ln(1 + xy)

cosxy
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f
����4!rtc��;ou+v��c���fI4goiqe)�5-5-4 C1 f�.kh;���e4g5-��x

R
2 ���d�j5-��w�w�c�5-4!2���p �eq�4kmI�35�+v4 α > 0

+-40q�2���41y
∀(x, y) ∈ R

2, f(tx, ty) = tαf(x, y)

� c`��fI��+�2��;4 f
405n+�,�c`/1c����i�;4!f�4!f�4��`xv.

α
�k�

'�c���+-xv4ixl2���41y ∀(x, y) ∈ R
2, x

∂f

∂x
(x, y) + y

∂f

∂y
(x, y) = αf(x, y).

�I����.<ok�ew�xvcX2���40/14i��+ � 5-c`��+ f
���;4!rtc`�;ok+-�ec`�jfI4gokq3)`5v5n4 C1 fI.khR����4g5-��x

R
2 +-40q�qe4g2���4&y

∃α > 0, ∀(x, y) ∈ R
2, x

∂f

∂x
(x, y) + y

∂f

∂y
(x, y) = αf(x, y).
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f
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α
�

� ���x-c����`40x � �{q p )`�efI4gf�4!oi4g2�����w�xv.0o��<fI4 � +vc`�I+v405�qe405}rtc��;ou+v��c��;5 f
fI4#okq3)`5v5n4 C1 5n��x

R
2 +v4iqeq�4<5l2���41y

∀(x, y) ∈ R
2, x

∂f

∂x
(x, y) + y

∂f

∂y
(x, y) =

√

x4 + y4.
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