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αn+1 ∈
[0, αn]

m#wo&� #H0& z αn+1 6 αn
m

���*,/&�Bs.%?5 G.��-�%?�&�yT�2����.0�2�$.
n ∈ N z (αn)n>3

�*H�.�"�B!,/�%��&FH%H0?� 2.%��m } ���x���*H�.�CD&� ����%Bs�8y#?�� 0
m } ���x�|,s�� -���!�0t2��"��� #,�m�`�Dy��x�TH z y�������.%���$. n ∈ N z αn 6 α0 < 1 @ ?�&x THq& z 0 6 αn

n 6 αn
0 z �/.�,/�2C+CD� 0 < α0 < 1 z (αn

0 )
.0�! #"b�2�s�vH

0
m

w�&x #H0& z "�� ?5y��%�!H�����.0A�B!���%�sCD��"�� �! #,s?2"$�%�sCD�s G. z (αn
n)

.0�s T"K�2�s�vH
0
m

n-�2&p.
`
�F? ��&xCD&x.0�<"$�

(αn)n>3
m�n-&

` 6= 0 z ?��x�2�%H ` > 0 z �/. (nαn)
.%�s #"b���s�vH

+∞ m�wo�����vH z �s y#?�H%H0?� G. � �F?K�x&�CD&p.%�"�?� #H���� B!t2?5��&x.0B8�-�%?�&x�8y�������.%���$.
n ∈ N

�
αn

n − nαn + 1 = 0,

����.0�!�0CD�o"$��tG?5�#,vA#��.0�s T"D���s�vH −∞ z ?5�����vH(E2�#���x��.%�s�%C+�`"$�o"$�%��&x.0���!Hq.�BstG?5� � 0 z "$�2 #,u.0�! #"D���!�%H 0
m �  +�! "$B!"���&p.

�� #�|,/�� G.%�%?2"$&�,/.0&��� �m$w�&x #H0& z ` = 0
m

)�m��`�8y��x�TH z ���`�v?5&FH0�� � ��!CD�s G.�y��%B!,sB!"$�! G.uCD�� G.%�0�8EG��� (−nαn + 1)
.0�! #">�2�s�vH

0 z "��� #,�EG��� (nαn)
.0�! #">�2�s�vH

1
mG�(?��

"$Bs�# �&x.0&��� ~"$�*H�B!EG��&��j?5���s G.%H z �� ��s ~"$B*"$��&x.�E2�#� αn ∼
+∞

1

n

m
� m��[?2��n-��&x.

n > 3
m�w��x�2�%H8�

fn

(

1 +
2√
n

)

=

(

1 +
2√
n

)n

− n

(

1 +
2√
n

)

+ 1

=

n
∑

k=0

(

n

k

)

2k

nk/2
− n

(

1 +
2√
n

)

+ 1

>

2
∑

k=0

(

n

k

)

2k

nk/2
− n

(

1 +
2√
n

)

+ 1

= 1 +
2n√

n
+

4n(n − 1)

2n
− n − 2

√
n + 1

= 1 + 2(n − 1) − n + 1 = n.

wo&� #H0& z y����#��.0����. n > 3 z fn

(

1 + 2√
n

)

> n
m

)



�V1T� }  #,s���%�+�# �������&FH�"�� ?�y��%�!H��x�+.%A�Bs�2�0�!C+�D"$�D�F?K1#& ���*,�.0&��� z yT�2���8.0�2�$. n > 3 z βn 6 1 + 2√
n

m �  �! "$B*"$��&x.
�[� �s T,s?�"��0�!C+�! G.�H0��&��j?5 G.o"$�

βn
�

∀n > 3, 1 < βn 6 1 +
2√
n

.

�r� ?5y#�0�*H��x��.0A#Bs���%�sCD��"�� �s #,!?�"$�%�sCD�! 2. z (βn)n>3
,/�2 G�2�s�%t��`���s�vH

` = 1
m

�[,!�K��������.%���$.
n > 3 z �� �?K� βn

n = nβn − 1 z H0��&x. z �! �yT?�H%H0?� 2.�?5������t2?��0&x.0A#C+�+� n ln(βn) = ln(nβn − 1)
m � � z

ln(nβn − 1) = ln n + ln(βn − 1

n
).

����CDCD�
βn − 1

n

.0�! #"����!�%H
1 z ln(βn − 1

n )
.%�s #"K���!�%H

0 z �s.�,s��CDCD� ln n
.%�s #"K���!�%H

+∞ @ �2 >�s �"$B*"$��&x.�EG���
ln(βn − 1

n ) = o(ln n)
m�wo&� #H0& z �2 ���1$.%&x�! 2.��� �B*E2�#&x�j?5���s G.o"$� n ln(βn)

�

n ln(βn) = ln(nβn − 1) ∼
+∞

ln n,
Hq�2&p.��

ln(βn) ∼
+∞

ln n

n
.

wo�����vH z
βn − 1 = eln(βn)−1 ∼

+∞
ln(βn) ∼

+∞

ln n

n
.

�  ?��$.%&x��&�H0B���� B!EG��&���?��x�! G.
eun −1∼+∞ un

H0&
(un)

.%�s #" ���s�vH
0 z ,/��EG��&T�!Hq.�y��2H%Hq&�1�����&�,s& z "$�
�V?�&p.uE2�#� ln(βn).0�! #"����s�vH

0 z y#��&�H%EG��� �s���x�8�!Hq.oB!EG��&��j?5���s G.0� � ln n
n
z "$�8�x&�CD&p.%�� -���x����mTwo&� #Hq& �

βn − 1 ∼
+∞

ln n

n
.

� ����������WYg

��	���
�/g���a��`f!e 	�P 	���e\�P~Z!e�S�f*P 	 ����\S[P ��X�UKe�\P�U �-i�eU�U�P-\�i�P��VSV\ �-X�S�UjP��

'�mon-�2&p.
P
�x��y������- ���CD��"$Bs�# �&�y�������.%���$.

x ∈ R
y#?5�

P (x) = x3 − x2 − 2x + 1
m

• P (−2) = −7 z �s. P (−1) = 1 z �/. P
�!Hq.u,/�2 G.0&� G�#��Hq�#�

[−2,−1] z "��� #, P
?�"$CD�/.u�� ��`�%?2,/&� ��

x1
"�?5 #H

]− 2,−1["�� ?5y��%�!Hu����.%A�Bs�2�0�!C+�8"$�*H���?��x�!���vH &� G.0�s�%CDB!"$&F?5&��%�!H���y���������� &� #Hq.%?� 2. z ���� #�8H%?5&FH�y#?�H�H0&��s���x���!Hq.��� �&FE2�#� @ �� �yT�!�$.��1$.%�s �&������ �� #&�,s&p.%B��! �V?�&�H%?5 G.��� ��8B/.%�#"$�8y����#H�y��%B!,s&�H0��"��!H��j?5�%&�?5.0&��� #Hu"$�
P z �/.��! K�$.%&x��&FH0?� 2.�����.0A�B!���%�sCD��"����F?1�& ���!,�.%&x�2 z C<?5&FH�,5� �!Hq.o&� G��.0&��x� z ,/�2C+CD�8���2�#H�?5�����s�8�x��,s�� #Hq.%?5.0�s���

• P (0) = 1
�/.

P (1) = −1 z �/. P
�!Hq.�,/�2 2.%&x -����H0���

[0, 1] z "$�2 #, P
?2"$CD�/.o�� ��8�v?�,s&x ��

x2
"�?5 TH

]0, 1[ z "�� ?5y��%�!Hu���.0A�B!���%�sCD��"$�!Ho��?��x�!���vH�&� G.0�!�0CDB!"�&�?�&x�%�!H!m
• P (1) = −1

�s.
P (2) = 1 z �/. P

�!Hq.�,/�2 2.%&x -����H0���
[1, 2] z "$�2 #, P

?2"$CD�/.o�� ��8�v?�,s&x ��
x3

"�?5 TH
]1, 2[ z "�� ?5y��%�!Hu���.0�-&�m

w�&x #H0& z �2 ?	.0�%�����2B�.0�%��&FH<�v?�,/&� ��*H "$&FH�.%&x #,/.0�*Hsmo����CDCD�
P

�!Hq.>�� y������- ���CD�@"$� "$�st2�0B
3 z &��`?�"�C+�s.K?5� y#�x�#H

) �v?�,/&� ��*H+"�&�Hq.0&� #,�.%�!H~�[Hq&��2���#H+ �� �s d�/.%�!HDy#?2H+,s�� -�j?5&F,/�#H z B/.%�#"$&��s���x�*HD�j?5�%&�?5.0&��� #H+"$� P
��m w�&x THq& z x1 z x2

�/.
x3H0�� G.<�x�*HDHq�!���x�*HD�%?2,/&� ��!H+"$�

P
m���� �2�]��� �s{$&�Hq.0�! #,/���/.<��� �# �&�,s&p.%B@"$���%?2,/&� ��!H+"$��.0�%��&FH

P z x1 z x2
�s.

x3
��B!�0&x�T?5 G.

−2 < x1 < −1 < 0 < x2 < 1 < x3 < 2
m

3$m �  ~?D"$�� T, z y�������.%���$. x ∈ R
�

P (x) = x3−x2−2x+1 = (x−x1)(x−x2)(x−x3) = x3−(x1+x2+x3)x
2+(x1x2+x1x3+x2x3)x−x1x2x3.

�(?5��&F"$�! 2.%&p��,s?j.%&x�2 ~"$�!H�,s�G��� ,/&��s G.%H�"$��y������- ���CD� z �2 K�21$.0&��s G. x1 + x2 + x3 = 1
m

�(� ���!H�&� 2.%�s�%�j?5���x�*H�,/�2 2.%�s #?� G. �x�*H��v?�,s&x ��*H
x1 z x2

�s.
x3 z �� ?�1#&x�! |x2| < |x1|

m-���`y����#H
x3 = 1−x1 −x2 > −x1,!?5�

x2 < 1 z �s.o,/��CDCD� x1 < 0
�/.

x3 > 0 z ,/�!��?+&�C+y#�x&FEG��� |x3| > |x1|
m

)�mon-�2&p. z y�������.%���$. n
"�?5 TH

N \ {0, 1} z �F?+y��%��y��%&xBs.0B P(n)
�

a0 6 · · · 6 an−1 6 an
m

��� ?�y��%�!H����!Ho,s�� #"$&x.0&��� TH�&x �&x.0&F?5���!H z a0 6 a1 6 a2 z "$�2 #, P(2)
�*H�.o�2Bs�%&p�#B2m

�



n-�2&p.
n ∈ N \ {1, 2} .0�s��EG��� P(n)

m(w��x�2�%H�wo�����vH z �s ]y#?5�0.0&F,/����&��s� z y��#&�H%EG��� a0 = 0 z �� ]?
ak > 0

yT�2����.0����.
k ∈ {1, . . . , n} m��`��y����#H z "�� ?�y��%�!H��F?��%�s�F?j.%&x�2 K"$���%B!,s���%�0�! #,/����B!�0&x�#Bs��y#?�� (an) z

an+1 − an = 2an−1 − an−2 = an−1 + (an−1 − an−2).

� � z an−1 > 0
"�� ?5y#�0�*Ho,/�rEG��&�y��%B!,s�!"$� z �/. an−1 − an−2 > 0

"�� ?�y��0�*H���� A-�-yT��.0A��*Hq��"$�|�%B!,/�#�0�%�s #,s� P(n)
m�wo&� #H0& z

an+1 > an z y���&FH a0 6 · · · 6 an+1 z ,5� �!Hq. � � � "$&��0� P(n + 1)
m

�(?5��,/�� THqB*E2�#�s G. z P(2)
�*H�. �-�v?5&�� z �s. yT�2����.%���$. n

"�?� #H
N\{0, 1} z P(n)

�s G.0�v?��� �� P(n+1)
m5��� ?5y��%�!H(���oy��%&� #,/&�yT�

"$���%B!,s���%�0�! #,/� z P(n)
�!Hq.��-�v?5&��8yT�2����.0�2�$.

n
"�?� #H

N \ {0, 1} mw�&x #H0& z (an)n∈N

�*H�.�,s�0�2&�H%H%?5 G.0� z �s.�H�.%�0&F,�.%�sCD�s G.�y��2H0&p.%&x�2� � y#?��q.%&x�o"����v?5 #t 2 z y���&FH0EG��� a2 = 1
m

� m����!H�H0��&x.0�*H
(xn

1 )n∈N z (xn
2 )n∈N

�/.
(xn

3 )n∈N

��B!�0&x�#�! 2.��F?<�%�s�F?j.0&��� ~"$�r�0B*,/���%�0�! #,/�<�V��Bs�%&x�T,s?5.0&��� �&xCDCDB!"$&F?j.%�*� z "$�2 #,?��#H0H0&
(vn)n∈N

"$Bs�# �&��Ky����#��.%���$.
n ∈ N

y#?5�
vn = λ1x

n
1 + λ2x

n
2 + λ3x

n
3 z yT�2�����# ],/�!�q.v?5&� ,vA��2&p{ "$���0B!�s�FH

λ1, λ2, λ3
mTwo&� #Hq& z H0&��� K.0�%�����2��"$�!H��%Bs�!��H λ1, λ2, λ3

.0�!��HoEG���
(vn)n∈N

H0��&x.�Bst2?��x��?��${>�v?5 �tGH
0 z 1 �s. 2 � �F?DHq�#&p.%�

(an)n∈N z �2 +?����v?�"$�!�${�H0��&p.%�!H("$Bs�# �&��!H�y#?��(��?`CD�sCD���0�!��?5.0&��� +"$���0B*,/���%�%�s #,s� �/.(���!H�CD�sCD�*H(,/�� T"$&p.%&x�2 #H�&x #&p.%&�?��x�*H���!�x���!HoH0�s�%�� G.�"$�� T,`B!t2?��x�*Hsm�� ��H0� �D.�"$�� T,�"$��.0�%�����2�s�
(λ1, λ2, λ3)

.%�s��EG���










λ1 + λ2 + λ3 = 0

λ1x1 + λ2x2 + λ3x3 = 0

λ1x
2
1 + λ2x

2
2 + λ3x

2
3 = 1.

w��x�2�%H
λ3 = −(λ2 − λ1) z "�� ��� z �s ��0�!C+y#��?��s?5 G.o"�?� #H��x�*H�"$�s��{�"$�!�0 �&��s�%�!HuB*E2�T?j.0&��� TH z

{

λ1(x1 − x3) + λ2(x2 − x3) = 0

λ1(x
2
1 − x2

3) + λ2(x
2
2 − x2

3) = 1.

�`��y��x�TH
x2

2 − x2
3 = (x2 − x3)(x2 + x3) z "�� ��� z �s ]Cr���x.0&�y���&�?� G.+�F?by#�0�!C+&��s�%�>B*EG�#?j.%&x�2 y#?5�

(x2 + x3)
�/.D�s 

�%�/.%�%?� #,vA#?5 G.���?DH0�!,s�� #"$� z �� K.0�%�����2�D�

λ1((x1 − x3)(x2 − x3) − (x1 − x3)(x1 + x3)) = 1

�s.oy#?5�o,s�� #H0B!EG���! 2. z
λ1 =

−1

(x1 − x2)(x1 − x3)
.

�`��CD�sCD� z �2 >.%�0�2�����
λ2 =

−1

(x2 − x1)(x2 − x3)

�/.
λ3 =

−1

(x3 − x1)(x3 − x2)
.

�����#�`,/��,vA���&x{�"$�*H��%Bs�s�FH
λ1 z λ2

�/.
λ3 z �� @?<"��� #, v0 = a0 z v1 = a1

�s.
v2 = a2

mT�`�|y����#H
(an)n∈N

�s.
(vn)n∈NH0��&����s G.���?<CD�!C+���0B*,/���%�%�s #,s�|"�� �2�%"��0�r) z "$�2 #,���� B!t2?��x&x.0B+"$�!Ho.0�%��&FHoy��%�sCD&��s�vH�.0�!�0CD�*H�?5CD�! ��r��� B!t2?��x&x.0Br"��!H�H0��&x.0�*H

(an)n∈N

�/.
(vn)n∈N

� m����#&�H%EG��� |x3| > |x2| z xn
2 = o(xn

3 )
���V?5&��0�8���|E2�#�5.0&��s G.o"$�*H�"$�s�${�� ��m#�`��CD�sCD� z xn

1 = o(xn
3 )
m��(?5��,/�2 #HqB*EG���s G. z

an = λ1x
n
1 + λ2x

n
2 + λ3x

n
3 ∼

+∞
λ3x

n
3 .

���!C<?5�vE2�#�s��EG���u���� ���CD�/.%Hoy#?�H�"$��EG�#?� 2.%&p��,s?j.%�s��� z y���&FH%E2�#� n
�!Hq.o�� ��8�j?5�%&F?51����8Cr���s.q.0�|"#?5 #H���� B*EG��&x�j?��x�! 2.*m

6�m��`���[� B!EG��&��j?5���s G.�"$�
(an)n∈N z �2 �"�B!"$��&x.o��� B*E2�#&x�j?5���s G.oH0��&x�j?� 2.�"�� (bn)n∈N

�

bn ∼
+∞

λ3x
n+1
3

λ3x
n
3

= x3.

w�&x #H0& z (bn)n∈N

.0�! #"����s�vH
x3
m

�
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(bn)n∈N

�

'�m��u?���,s���x�2 #H
bn − x3 z yT�2����.0�2�$. n ∈ N

�

∀n ∈ N, εn = bn − x3 =
λ1x

n+1
1 + λ2x

n+1
2 + λ3x

n+1
3

λ1x
n
1 + λ2x

n
2 + λ3x

n
3

− x3

=
λ1x

n
1 (x1 − x3) + λ2x

n
2 (x2 − x3)

λ1x
n
1 + λ2x

n
2 + λ3x

n
3

� � z y��#&�H%EG��� |x1| > |x2| z ���| -��CDBs�v?j.0�!���o�*H�.�B*EG��&x�j?��x�! 2. � λ1x
n
1 (x1 − x3) z �s.`���r"$Bs #��CD&x T?j.0�!��� z BstG?5� � un

�!Hq.
B*E2�#&x�j?5���s G. � λ3x

n
3

m }  ��V?5&FH0?� G.����|EG���5.%&x�! G.�"��|,/�!H�"��s�${>B*EG��&x�j?��x�! 2.vH z �2 ���1$.%&x�! 2.�1�&��s 

εn ∼
+∞

(x1 − x3)
λ1

λ3

(

x1

x3

)n

.

3$m��`� �!Hq.�EG�#?�H0&xCD�! 2.��F?D"$B/�# #&p.%&x�2 �"��!H
O
m#� �x�#Hoy��0B*,/&FHqB!CD�s G. z y��#&�H%EG���

lim
n→+∞

εn

(x1 − x3)
λ1

λ3

(

x1

x3

)n = 1,

&����/{$&FH�.%�8�� ��%?� �t
N
.%�s��EG���8y�������.%���$.

n > N z εn

(x1 − x3)
λ1

λ3

(

x1

x3

)n 6 2
m

�  ��s �"$B*"$��&x.`EG���8yT�2���
n > N z |bn − x3| 6 2

∣

∣

∣

∣

(x1 − x3)
λ1

λ3

∣

∣

∣

∣

(∣

∣

∣

∣

x1

x3

∣

∣

∣

∣

)n

.

���!��?D,/�2�0�%�!H0y��� #">1�&x�! � �F?D"$B/�T �&p.%&x�2 ~"$�!H O z ?����!, M = 2
∣

∣

∣
(x1 − x3)

λ1

λ3

∣

∣

∣

m
)�mon-�2&p.

β > 0 z �/.�H0��&x. E(β)
�[� �s #H0�sC�1����8"��!HoH0��&x.0�!H

(un)n∈N

.%�s���x�*HoEG���
un = O(βn)

m
�[?2��n-&

β < 1 z ?5�����vH (βn)n∈N

.0�! #"����!�%H
0
m � �oH0&
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∣

∣

∣
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∣

∣
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∣
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∣
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∣
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∣

∣

∣

<

∣

∣

∣

∣

x1

x3

∣

∣

∣

∣

,

∣

∣

∣

∣
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∣
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∣
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(
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(
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(
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