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F × F

mI"%���

(x, y) + (x′, y′) = (x+ x′, y + y′)
�o:

(a+ i b) · (x, y) = (ax− by, bx+ ay).

���%����&%=+�|(�¥I�+�{A'���Nno�?�*"9p�=o¥I$�(�:��I$��FC#:<�|�In�:|���|�8p�� �?C<mI"%n+�~&%�Jn�:<���<(*�+�lw�(*� �T"%�r:�&�=+�|(i¥R�+��:|�%�r:|�?C{���JC{m��|�%mI�<(*=o:|=?C
p�� ��$q�?C<mI"%n+�!&��?no:<�%�|(*�+� � (Bno(lwIno�2$�� �?C#:-mI"%������C<�%�IC#k��?C<mI"%n+��&%�Jn�:|�%�|(��?��p���A��I�+�BA��I�2ny;I��C<��� �^�
•
¨ ��=?>e�?$':�$��?�r:<�|�xm��%�I���B"�C<�%>@>@���

(0, 0)
gJ¢ ${�+¤��+:?w

∀(x, y) ∈ F 2 w (0, 0)+(x, y) = (x, y)+(0, 0) = (x, y)
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1 ∈ C
�

∀x, y ∈ F × F, 1 · (x, y) = (1 + i ·0) · (x, y) = (1 · x− 0 · y, 0 · x+ 1 · y) = (x, y).
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∀(x, y) ∈ F × F, (−x,−y) + (x, y) = (x, y) + (−x,−y) =

(0, 0)
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(x, y, x′, y′, x′′, y′′) ∈ F 6 w

((x, y) + (x′, y′)) + (x′′, y′′) = (x + x′, y + y′) + (x′′, y′′) = ((x + x′) + x′′) + ((y + y′) + y′′)

= (x+ (x′ + x′′)) + (y + (y′ + y′′)) = (x, y) + ((x′, y′) + (x′′, y′′)).
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(x, y) ∈ F 2 w��o:�:|�%�IC a, b, c, d ∈ R
w

((a+i b)(c+i d))(x, y) = (ac−bd+i(bd+ad))(x, y) = ((ac−bd)x−(ad+bc)y, (ad+bc)x+(ac−bd)y),

�o:��
(a+ i b)((c+ i d)(x, y)) = (a+ i b)(cx− dy, dx+ cy)

= (a(cx− dy) − b(dx+ cy), b(cx− dy) + a(dx + cy)) = ((a+ i b)(c+ i d))(x, y).
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(x, y, x′, y′) ∈ F 4 w (x, y) + (x′, y′) = (x + x′, y + y′) =

(x′ + x, y′ + y) = (x′, y′) + (x, y)
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C
�

((a+ i b) + (c+ i d))(x, y) = ((a+ c) + i(b+ d)) = (a+ c)x − (b+ d)y, (b+ d)x + (a+ c)y),

�o:��
(a+ i b)(x, y) + (c+ i d)(x, y) = (ax− by, bx+ ay) + (cx− dy, dx+ cy)

= ((a+ c)x− (b+ d)y, (b+ d)x+ (a+ c)y).
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λx+ y
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F ⊕ iF = E
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ϕ : FC = F × F −→ E = F ⊕ iF
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ϕ(x, y) = x + i y
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x ∈ F
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ψ(x+ y) = (x,− i y)
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ϕ(λ(x, y) + (x′, y′)) = ϕ(ax− by + x′, bx+ ay + y′) = (ax− by + x′) + i(bx+ ay + y′)

= (a+ i b)(x+ i y) + (x′ + i y′) = λϕ(x, y) + ϕ(x′, y′).
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a ∈ A
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f(a) ∈ Im(f)
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Im(f) = Ker(g)
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f(a) ∈ Ker(g)
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g′ ◦ h(b) = g′(0) = 0.
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Ker(g) = Im(f)
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Ker(f ′) = {0}
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a = 0
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b = 0
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b ∈ B
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g(b) = g′(b′)
g

� zR� § $~"{"%�����|C
g′(h(b)− b′) = g′(h(b))− g′(b′)
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h(b) − b′ ∈ Ker(g′)
wI�o:-no��>e>@�

Ker(g′) = Im(f ′)
w
h(b) − b′ ∈ Im(f ′)
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a ∈ A
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h(b)−b′ = f ′(a)
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f ′ = h◦f
w?�%${"

h(b)−b′ = h(f(a))
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h(b)−b′ ∈ Im(h)
g
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b′ = h(b) − h(f(a)) = h(b − f(a))

w��+:8pr�%$In
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∀x ∈ R, (T (f))(x) =

∫ x

0

f(t) sin(x − t) dt.
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$)�����*���JCu:tno�%$':|(�$)����w�pr��$In
0 ∈ C0 g'� ��mI���IC?w'mR������:|�%�r: λ ∈ R

�+:x:<���r:
f, g ∈ C0 w λf + g

�JCu:�no�%$':|(�$)����w�pr��$In
λf + g ∈ C0 gI� (*$IC<(Yw C0 �?C#:-��$�C<�%�IC#kl�JC#mR"%no�^&%�Jn�:<���<(*�+��p�� RR

g
� ��>@�+>@�%w���$��eno�%>�z�(*$I"/(BC#��$q��(*$�=?"%(��|�{pr�	� �%$Ino:<(*�%$9pr�?�r��� �%(BC^p�=+�|(�&b"/zI���{p���pr=?�<(*&%=?��C#�Jno�%$Rpr�{no��$':<(*$'�I���?C#:
�+$In+�%�|��pr�+�r��� �%(BC�pr=?�<(*&b"/z��*�-pr�-pr=?�<(*&%=?��n+�%$':<(*$)���%w%�o:

0 ∈ C2 g%� (*$IC<(Yw C2 �?C#:���$6C#���ICuk��?C<mI"�no�t&%�?no:<���<(*�+��pr� C0 g
� zR� h �%(�:

f
�I$���� �%$Ino:<(*�%$qno��$�:|(�$)����C<���

R
gI� �*�%�yC

∀x ∈ R, T (f)(x) =

∫ x

0

f(t) sin(x− t) dt =

∫ x

0

f(t)(sinx cos t− cosx sin t) dt

= sinx

∫ x

0

cos tf(t) dt− cosx

∫ x

0

sin tf(t) dt.

§ �?wImR������:<���r:<��� �%$Ino:<(*�%$�no��$�:|(�$)���
g
C#�I�

R
w
x 7→

∫ x

0

g(t) dt
�?C#:^pr=?�<(*&b"/z��*��pr�{pr=?�<(*&%=?�

x 7→ g(x)
g�� (*$IC#(lw

T (f)
�?C#:-pr=+�|(*& "%z��*�%w�pr��pr=?�<(*&%=?�@�

∀x ∈ R, T (f)′(x) = cosx

∫ x

0

cos tf(t) dt+ sinx cosxf(x) + sinx

∫ x

0

sin tf(t) − cosx sinxf(x)

= cosx

∫ x

0

cos tf(t) dt+ sinx

∫ x

0

sin tf(t).

� (*$IC<(Yw
T (f)′

�JCu:-�?$Ino���<�2pr=?�<(*&b"/z��*�%wr�+:��

∀x ∈ R, T (f)′′(x) = − sinx

∫ x

0

cos tf(t) dt+ cos2(x)f(x) + cosx

∫ x

0

sin tf(t) dt+ sin2(x)

= f(x) + cosx

∫ x

0

sin tf(t) dt− sinx

∫ x

0

cos tf(t).

� �%>@>@�
f
�?C#:^n+�%$':<(*$)���%wR�o:^�*�?C�(�$':|=+�%�y"/�*�?C-=+��"%���?>@�+$': � �?���*�?C^C#��$':^pr=+�|(*& "%z��*�?Cy��"/(*$IC<(A'���{�*�?C � �%$Ino:<(*�%$IC

sin�o:
cos

�%$N�+$�pr=Jpr��(�:�A��I�
T (f)′′

�?C#:�n+�%$':<(*$)��� g�� (�$RC#(lw
T (f) ∈ C2 g

�



� n?� � � "/mI�<ªJC��B"FA'���JCu:|(���$�m��|=?n+=?pr�?$':<�%w
T
�JCu:2��$��@"/m�mI��(Bn+"/:<(*�%$�p��

C0 p�"/$IC C2 g 7���$�:|�<��$IC!A��I� T �JCu:2�*(�$�=J"/(*�<� g
���%���-n+�+�B"�w�C<�%(�:

λ ∈ R
�o:
f, g ∈ C0 gI� �*�%�yC2�

∀x ∈ R, T (λf + g)(x) =

∫ x

0

(λf(t) + g(t)) sin(x− t) dt

= λ

∫ x

0

f(t) sin(x − t) dt+

∫ x

0

g(t) sin(x− t) dt = λT (f) + T (g).

, g�� "/$IC-�*"@A'���?C#:<(*�%$ �uf zR��wI�%$q"���zr:<�?$)��w�m��%����:|�%�r:
f ∈ C0 �

∀x ∈ R, T (f)′′(x) = f(x) + cosx

∫ x

0

sin tf(t) dt− sinx

∫ x

0

cos tf(t)

= f(x) +

∫ x

0

sin(t− x)f(t) dt = f(x) − T (f)(x).

� (�$IC<(lw�mR������:<���r:
f ∈ C0 w T (f) + (T (f))′′ = f

g
h ��(i:

f
:<�?��A'���

T (f) = 0
g'� �����|C

T (f)′′ = 0
w��+:�mI"%�tn+�%$IC<=?A'���?$�:Jw

f = T (f)+T (f)′′ = 0
g'� (*$IC#(lw

Ker(f) = {0}
g

��g-h ��(i:
K = {g ∈ C2 | g(0) = g′(0) = 0}

g
� "��

K
�JCu:t��$8C<�%�IC#kl�?$IC<�+>{zI����p��

C2 w'�o:t�*"�� �%$Ino:<(*�%$~$)���*���^�?C#:tp�"%$IC K g)� �^m����RC+w)C#��(i:
g
�+:
h
pr�+�r��� ��$In�:|(���$IC�p��

K
w �o:

λ ∈ R
g/� �*�%�yC

λg+h ∈ C2 w �o: (λg+h)(0) = λg(0)+h(0) = 0
w �+:

(λg+h)′(0) = λg′(0)+h′(0) = 0
g

� (*$IC<(Yw
λg + h ∈ K

g
�¡"/�-no��$IC<=?A'���+$':Jw

K
�JCu:���$�C<�+&8p��

C2 g
� zR� h �%(�:

f ∈ C0 gI� �����|C2�

T (f)(0) =

∫ 0

0

f(t) sin(−t) dt = 0.

� ��mI���IC?w

T (f)′(0) = cos 0

∫ 0

0

cos tf(t) dt+ sin 0

∫ 0

0

sin tf(t) = 0.

� (*$IC<(Yw
T (f) ∈ K

g �¡"/�-no��$IC<=?A'���+$':Jw
ImT ⊂ K

g
� n?� h �%(�:

g ∈ K
g�� �*�%�yC

∀x ∈ R, T (g′′)(x) =

∫ x

0

g′′(t) sin(x− t).

s $':<=+���<��$IC�mI"%�-mI"/�<:<(*�?C?w��?$9no�%$RC#(Bpr=+�y"/$':��*�?C�p��+�r� � �%$Ino:<(*�%$IC^pr��no�B"%C|C#�
C1 w t 7→ g′(t)

�+:
t 7→ sin(x − t)

w�C#�
pr=+�|(*& "%$':��?$

t 7→ g′′(t)
�o:
t 7→ − cos(x− t)

gI� (*$IC<(��

∀x ∈ R, T (g′′)(x) =

∫ x

0

g′(t) cos(x− t) dt−
[

g′(t) sin(x− t)
]x

0
=

∫ x

0

g′(t) cos(x− t) dt.

s $':<=+���<��$IC�mI"%�-mI"%�#:|(��JC+wR�+$9no��$IC<(*pr=?�|"%$':-���JC�pr�?�r��� �%$Ino:<(*�%$IC^pr�{no�B"%C|C<�
C1 w t 7→ g(t)

�+:
t 7→ cos(x − t)

w�C#�
pr=+�|(*& "%$':��?$

t 7→ g′(t)
�o:
t 7→ sin(x− t)

gI� (*$IC<(��

∀x ∈ R, T (g′′)(x) = −

∫ x

0

g(t) sin(x−t) dt+
[

g(t) cos(x−t)
]x

0
= −

∫ x

0

g(t) sin(x−t) dt = −T (g)(x)+g(x).

�¡"/�-no��$IC<=?A'���+$':Jw
T
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T (g + g′′) = T (g) + T (g′′) = g
g § $q�?$9pr=?pr�I(i:�A'���2:|�%�r:

g
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K
�JCu:

p�"/$RC��Y� (�>6"%�%��pr�
T
gr� (*$IC<(Yw

Im g = K
g

� g�� "��
T
C#���<�JCu:|�<�?(�$':^p��%$In{�+$9��$I��"/mIm���(Bn+"/:<(*�%$��*(�$I=?"/(*�|�{pr�

C0 C#��� K g � �o:<:<�@"/m�m��*(Bn+"b:|(���$���(*$�=J"/(*�<���JCu:!(�$/ u�?n�:|(�&��p�� "/m��|ª?C��B"@A��I�?C#:<(*�%$�,rwr�o:-�JCu:�C<���Y u�?no:<(*&%�2p�� "%m��|ª?C��B"eA'���JCu:|(���$ � z g�s ��C?� "%�%(�:-pr�%$In�p�� ��$q(BC#��>@�%�|m�;�(BC#>@� g
� zR�F����(BC<A'����m��%�I��:<�%��:

g ∈ K
w
T (g + g′′) = g

w���$F�?$qp�=?pr��(�:�A'���
T−1(g) = g + g′′

g
�rg�� "��F���%����:|�%�r:

x ∈ R
w

T (s) =

∫ x

0

sin(x− t) sin t dt =
1

2

∫ x

0

(cos(2t− x) − cosx) dt

=
1

4

[

sin(2t− x)
]x

0
−

1

2
x cosx

=
1

4
sinx−

1

4
sin(−x) −

1

2
x cosx =

1

2
sinx−

1

2
x cosx.

� zR�F����(BC<A'���
s = T (s) + T (s)′′

wI(���C<�r�@:�pr��m��|�+$Rpr�<�
f = T (s)
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