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M
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VA,B
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AM = MB
�
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U1 =

(

1 0

0 0

)

, U2 =

(

0 1

0 0

)

, U3 =

(

0 0

1 0

)

,

(

0 0

0 1

)

.
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• ¯ u��|0 λ1, λ2, λ3, λ4
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λ1U1 + λ2U2 + λ3U3 + λ4U4 = 0
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λ1

(

1 0

0 0

)

+ λ2

(

0 1

0 0

)

+ λ3

(

0 0

1 0

)

+ λ4

(

0 0

0 1

)

=

(

0 0

0 0

) :2u��|05³ (

λ1 λ2

λ3 λ4

)

=

(

0 0

0 0

)

.
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λ1 = λ2 = λ3 = λ4 = 0
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(U1, U2, U3, U4)
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• ¯ u��|0 M =

(

a b

c d
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M2(R)
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M = aU1 + bU2 + cU3 + dU4
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∀









a

b

c

d









∈ R
4, f









a

b

c

d









=

(

a b

c d

)

.
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∀

(

a b

c d

)

∈ M2(R), g

(

a b

c d

)

=









a

b

c

d









.
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AM −MB

�
gj���}Å�u�9~0�i�k �$»�u���i�t

ϕA,B
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¯ u��|0 M, N ∈ E
t��w0

λ ∈ R
® ´ x|u��n:'³

ϕA,B(λM +N) = A(λM +N)−(λM +N)B = λ(AM−MB)+(AN−NB) = λϕA,B(M)+ϕA,B(N).
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ϕA,B

�5:�0r9��@�'��l�l�x���v5�^0n�|u��.x��|��3A�$���2��i~�
E

i����@:rx|9@�{°²46Æ 46�E³ v$k �5:�0"i~u��Gv'9��¥� �@i~u�46u��nl�1��8:�46�'i~�
E
®

VA,B

�5:�0¨x£k �5�@:2� 4Ç»@x|��i��5:¨46�$02�n��v �5:
M

0n� x�x|�A:¨7�9��
AM = MB
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AM −MB = 0
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ϕA,B(M) = 0
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VA,B = Ker(ϕA,B)
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A =

(

1 −1

−1 1

) � 0
B =

(

−1 0

2 1

) ®
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• ϕA,B(U1) =

(

1 −1

−1 1

)

·

(

1 0

0 0

)

−

(

1 0

0 0

)

·

(

−1 0

2 1

)

=

(

1 0

−1 0

)

−

(

−1 0

0 0

)

=

(

2 0

−1 0

)

.

¸ u��Gv
ϕA,B(U1) = 2U1 − U3
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[ϕA,B(U1)]U =









2

0

−1

0








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• ϕA,B(U2) =

(

1 −1

−1 1

)

·

(

0 1

0 0

)

−

(

0 1

0 0

)

·

(

−1 0

2 1

)

=

(

0 1

0 −1

)

−

(

2 1

0 0

)

=

(

−2 0

0 −1

)

.
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ϕA,B(U2) = −2U1 − U4

t@:�u��{0)³
[ϕA,B(U2)]U =









−2

0

0

−1








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• ϕA,B(U3) =

(

1 −1

−1 1

)

·

(

0 0

1 0

)

−

(

0 0

1 0

)

·

(

−1 0

2 1

)

=

(

−1 0

1 0

)

−

(

0 0

−1 0

)

=

(

−1 0

2 0

)

.
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ϕA,B(U3) = −U1 + 2U3
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[ϕA,B(U3)]U =









−1

0

2

0









®

• ϕA,B(U4) =

(

1 −1

−1 1

)

·

(

0 0

0 1

)

−

(

0 0

0 1

)

·

(

−1 0

2 1

)

=

(

0 −1

0 1

)

−

(

0 0

2 1

)

=

(

0 −1

−2 0

)

.
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ϕA,B(U4) = −U2 − 2U3
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[ϕA,B(U4)]U =









0

−1

−2

0








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³

[ϕA,B ]U =









2 −2 −1 0

0 0 0 −1

−1 0 2 −2

0 −1 0 0









.
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® ¯ u��{0'i~u��@v

X ∈ R
4 02� x�7�9��

[ϕA,B ]UX = 0
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X =









x

y

z

t








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





















2x − 2y − z � 0

− t � 0

−x + 2z − 2t � 0

− y � 0
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y = t = 0
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{

2x − z � 0

−x + 2z � 0
¸ �'x8�6i~� 9��~��m 46�'357�9@�$02��u���t�u��¥:2u��20

x = 2z
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3z = 0
t@i�k u�É

z = 0
t~l@9���:

x = 0
®
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x = y = z = t = 0
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[ϕA,B ]U
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ϕA,B

�A:�0 9��¿��:2u�46u��2l�1@��:246��t
i~u��Gv�7�9��À:2u��}��u^È��$9.�A:�0º35¼��$x�±

{0}
®	� �$�"v u��@:2357�9��5��0At

VA,B = {0}
®

!



��®�� �^�@�,��� �j���·¤  @�����£�M�^� � r
�w�

s
� ����������� �@� � �w �¢Ä�2��� � � � �8���£�¦��� �j�6� � � � �\�w�2� �@�j� � �

1 � �w�\�$�¥�@�H� �
D =

(

1 0

0 r

) � �

∆ =

(

1 0

0 s

) �

gj��� ¯ u��|0 M =

(

x y

z t

) 9����)4,�^0n�2�8vw�)7�9��5x�v u��@7�9��)i~�
E
® qr��x�v 9�x�u��@:

DM −M∆
®

DM −M∆ =

(

1 0

0 r

)(

x y

z t

)

−

(

x y

z t

)(

1 0

0 s

)

=

(

x y

rz rt

)

−

(

x sy

z st

)

=

(

0 (1− s)y

(r − 1)z (r − s)t

)

.
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r 6= s

t
r 6= 1

�w0
s 6= 1

t
DM −M∆ = 0

:2���w0�:2� 9�x�� 46� ��0�:2�
y = z = t = 0
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U1 =

(

1 0

0 0
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a, b, c, d
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a−b 6= c−d � a−b 6= 1 � �w� c−d 6= 1
����� � �M«Á�@�¦� ¬

A =

(

a 1− a

b 1− b

)

� �
b =

(

c 1− c

d 1− d

) �r�r�,���^�w�
r = a− b

�w�
s = c− d

�w�
D

�w�
∆

�n�$�E�,�º���2����� � � �E�,�w�G�²�
gj��� ¯ u��|0 Ker(A − λI2) 6= {0}
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A − λI2
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det(A− λI2) = 0
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det(A− λI2) =

∣

∣

∣

∣

(

a− λ 1− a

b 1− b− λ

)∣

∣

∣

∣

= (a− λ)(1− b− λ) − b(1− a)

= a− ab− aλ− λ + bλ + λ2 − b + ab = λ2 + (b− a− 1)λ + a− b.
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λ2 = a− b
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λ1 6= λ2
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Ker(A− λI2) 6= {0}
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λ = 1
u�9

λ = a− b
®
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•
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Ker(A−I2)
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A−I2 =

(

a− 1 1− a

b −b
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dim Ker(A−

I2) < 2
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C1+C2 = 0
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(A− I2) ·

(

1

1

)

=

(

0

0
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=
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−
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=
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(

λ1 0

0 λ2

)

.

¯ u��|0 P
x8�,4,�^02�n�8vw�Ài~�ÀlG��:n:2��¼��)i~�Àx8�,»@��:��Àv5�$��u�����7�9��E±6x��,»G��:2�

B
® ´ x|u��n:

P
�A:�0\�|�����5�n:2��»�x|��t~�w0'i�k ��l��nm5:ºx8�

¹Tu��n4Ç9�x��)i~�Àv�1@����¼��54¿�5��0�i~�)»G��:2��t
(

λ1 0

0 λ2

)

= [f ]B = P−1AP.

¸ �Ex��·4¿Æ546�À¹M�
� u���t�:��
Q

�5:�0\x8�,4,�^0n�2�8vw�Çi��Àl@��:n:n�$¼��Ài��Çx8�,»@��:2�Çv5�$��u�����7�9��E±,x��·»@��:2�
C
t
Q

� 0\������� ��:���»�x��
�w0À³

(

λ3 0

0 λ4

)

= [g]C = Q−1BQ.

����46Æ 46�\���$�8:2u������546� ��0¨7�9�k � � g ���H�¡46u���0n�2��7�9@�
M

��l�l@����0n�|�5��0�±
VA,B

:2���w0º:��59�x�� 46� ��0º:��
M

�$l@l@�$�202��� ��0
±

VD,∆
t�u�É

D =

(

λ1 0

0 λ2

) � 0
∆ =

(

λ3 0

0 λ4

)

.

�



¸ �}x8�/46Æ 46�·¹M� �wu���7�9�k �5�fg ���A�wt
u��d� �©i~35i~9@�{0,�$x�u���:À7�9��
VA,B

�w0
VD,∆

:2u���0Ç�8:�u�46u��nl�1��5: ® ¾ �Atavwu�4646�
x|�A:

λi

:2u���0�i~�59��¥±,i�� 9��zi~�8:�0n�|�@vw0n:5tGu��¥�5:�0\i��$�G:"x��5:"v u��@i~�|02��u��G:�i�k �$l�l@x|�8v �$02��u��zi~�Àx8�·7�9��5:�02��u��yg � ���wtGi~u��@v
VD,∆ = {0}

® ¾ �}� �zi~3Ai~9��|0�7�9@�
VA,B = {0}

� u�9@:Á�2�54,�$��7�9@� �n���"�$9,lG��:n:2��¼��"7�9���x��5:¨i~� 9��64,�$02�n��v �5:Ái���x8�À7�9��5:�02��u��.!À��3 �n�|µ@� ��0Áx��5:Á1�È�l�u$0n1�m5:2�5:¨i~�\v �w0�0n�
7�9��5:�02��u������5�z� � �w0At@9��/v5�$x8vw9�x�:���46l�x|�)46u���0n�2�À7�9��

Spec(A) = {0, 2}
�w0

Spec(B) = −1, 1
® 
 u�:º�n3 l�u��@:2�5:

:�u���0ºi�u��@v'vwu�1�3 �n� ��0n�5: ®
] F^D@_a`Mb�cdI�� +
] V~FHKALMI���F	��`jLMcdLjN
V@LTF^I

­�®º¸ k ��l��nm5:6x��¥021�35u��nm 46�}:29��,x��5:·:23 �n���5:¿� �~l�u����5��0n�|�5x|x��5:5t l�u�9��60nu�9~0
x ∈ R

t x8�y:23 �n�|� ∑ xn

n!

�A:�0.v u������5�2¼�� ��02��t
� 0
+infty
∑

n=0

xn

n! = ex ® ´ ���@:2�jt x8�¿:29��|02�
(En)n∈N

v u������5�2¼������ ��:
ex ®

! ® �Ák 35��u��@v 3·4,�$�@7�9��=i~�·l��n35v ��:2�|u�� ® ���5:Ç:29��|02�A:
(E2n)n∈N

� 0
(E2n+1)n∈N

���.:2u���0E��iH����v � ��02�A:À7�9�k ±/l@�$�202���Çi�k 9��
v � �20n�$���}�n����¼ ®
� 9@��:n7�9��

(En)n∈N

�A:�0Áv u������5�2¼�� ��02��t
(E2n)n∈N

�w0
(E2n+1)n∈N

vwu������ �n¼��5��0 ��� ��:a9����º46Æ 46�"x��|46�|02��t�i~u��@v
(E2n−

E2n+1)n∈N

�A:�0"i~�)x���4¿�|02�)��9�x�x�� ®
¸ �)l�x�9@: t@3w029Gi~�|u��@:ºx8�¿4¿u���u$0nu������)i~9=02� �n46�)¼�35��3 ���$x

un = xn

n!

®

∀n ∈ N,
|un|

|un+1|
=
|x|n

n!
·
(n + 1)!

|x|n+1
=

n + 1

|x|
.

´ �|�@:2�£t�lGu�9���02u�9~0
n > E(|x|)

t
|un+1| 6 |un|

® ´ x�u���:'³

∀n >
E(x)

2
, E2n+2 −E2n = u2n+2 + u2n+1 = |u2n+2| − |u2n+1| 6 0,

gMx|�A:":���¼��@�5:rl��nu^����� �@��� ��0ºi~9}¹M�$�|0º7�9��
x 6 0

�ri~u��@v
(E2n)n∈N

�A:�0"i~3Avw�nu��8:2:n�$��0n��±El@�$�202���"i~�'x£k ���@i~�8vw�·gM� �}x��6:29��{0n�
�����|02�8�$x��A�

E(|x|)
®�¸ �)46Æ54¿��t

(E2n+1)n∈N

�5:�0"vw�nu��8:2:n�$��02�'±¿l@�$�202���"i~�'x£k ���@i~�8vw�
E(|x|)

®
��®º¸ u��@v�t�±Àl@�$�202���¨i~��xjk �|�Gi~��v �

E(|x|)
t�i�� 9��¿02�5�246�5:¨vwu��@:�3Avw9~0n�{¹M:ri~�"x8�À:29��|02�

(En)n∈N

� �Gv ��i��2�5��0¨x��)x���4¿�|02�
ex

t�i~u��@v
|En+1−En|

�A:�0Á9@�¿4,�$��u����$��0¡i~�ºxjk � �n�n� 9��a¹M���{0n�º� �,�$l�l@�2u~v�1@����0
ex

l@�$�
En

u�9
En+1

® 
 u�9G:¡�$x�x|u��@: i~u��@vºv ��x�v 9�x|�5�
x��5:�0n� �n46�5:":29@v v �5:n:��|¹M:ºi~�

(En)
��9@:n7�9�k ±,v �)7�9�k u��¥i�3 l@��:2:2�)vw�À:2� 9���x

E(|x|)
i�k 9����)lG�$�20ÇgM�^µG�¥i��)lGu�9���u��|�º9~0n�|x��8:��5�

v ��v �2�|02m5�2�H��t^� 0���9@:27�9�k ±'vw�º7�9���x��'i~� � 3 �n� �@v ��i���i�� 9��E02� �n46�5: v u��@:235v 9~02�|¹M: :�u��{0al�x�9@: l��w0n�{0n�"7�9@�rx£k � �n�2�59��a46� �~�|4,�$x��
��u�9�x�9�� ®
� u�9@�"v �$x8vw9@x|�5�ºx|�A:r02� �n46�5:ºi~�)x8�6:�9@�{0n�

(En)
t�u��¥vwu��@:�0n�^0n� ���E7�9��

(un)
��3 �n�{µ@�'x8�¿�2�5x��$02��u��¥i~�'�23Avw9��n�2�5�@vw�¿³

∀n > 0, un+1 = un ·
x

n+1 .


���
�������������
�
�������������� ���"!

#����$�&%'�����&%)(&%+*&%)#-,.����� �"!
�/,0�1� ���������2!

3 ���4�5�
6 �4�������	�&7�8)(�� � ����9:�$��;������4��<=,�8�>?!
��� ��@����27A�4>?!
6 �4�������	�&7�8)(�� � ����9B* ���:�4�������C@28'��������*��-,�8�>?!
��� ��@����27D��� �4>E!
*-,+FHGH! I��1�H�1�4��������J����4��
��K@ �L*M��*$�������ON�P
(=,+FHGH! I��1�H�1�4��������J����4��
��K@ �Q(R��*$�������ON�P
�-,+F�NS! I�#�������*��L@�*O����� �UT�
�*������ ��P
����
�� ���
#-,+F�*&! I�J���*�#���������@��V@��R���Q#�� ����*��Q@��K*XW	�XP
*/,+F�*�Y	��Z[7)��\HG�>?!]I�T�����T�*X�K@ �L*XW�I���\HG	P�P
�/,+F���\HGH!
(-,+F�( \�*=!

*����4���
7)�M^Q� ��* �4T?7A��> >B����@_7D� 3 J?7)*H`1#4>�ab��� �4>?!

����@=c

d



] V~FHKALMI��������H�¨DGN�I�N�K5LMI�`j`MI}O	��Q
N�I/cdV~K5F^LMJ�IzJ�V~FHF	��IÄO	��D@F^O
FHI
3 
­�® � u�9@:�lGu�9����5�¨46u���0n�2�5�
x£k �������5�n:2�|»@�|x��{0n3Á�5�E�n35:2u�x��^�$��0
9��¿:�È~:�02m54¿��tHu�9E��x|u��n:
9~0n�|x���:2� �ax8��463 021�u~i~��i~9¿l��|��u$0 i~���'�$9@:n:

7�9��)x£k u��=��� �n�n�¿i�k ��v ��l�� 9 ® ���'l��n35:2� ��02�)i~�'l��n3w¹T35�2�5�@vw�)vw� 0�0n�)4¿3 021�u~i~� ® � u�9G:�x��,v u�46l��n� �@i~�n���\0n����0 �$0 ®






2 1 1 1 0 0

−1 2 −1 0 1 0

1 −1 1 0 0 1







L1 ↔ L3gjv�1�u�� �=i�k 9��¥46� ��x|x�� 9@�"l�����u$0��







1 −1 1 0 0 1

−1 2 −1 0 1 0

2 1 1 1 0 0







L2 ← L2 + L1

L3 ← l3 − 2L1







1 −1 1 0 0 1

0 1 0 0 1 1

0 3 −1 1 0 −2







L3 ← L3 − 3L2







1 −1 1 0 0 1

0 1 0 0 1 1

0 0 −1 1 −3 −5







¾ �/�60n�2u�9���3'9��@�Ç�n35i~9��|02�Ei~�
�'�$9G:2:"i��
P

02�n������¼�9�x8�$���n�':29�l�3 �n�|�59��n�À±·vwu��w¶·v �|�5��0�:"i~�8�$¼�u��@��9��.��u��z��9@x�: ® ´ �|�@:2�£t
P

�A:�0"�������5�n:2�|»@x|� ® ¾ �zl�� 9�0�vwu���02����9@� �"x��Çv ��x�v 9�x ® ¾ �z4Ç9@x{0n�|l�x����Àx��,02�nu��8:���m 46�Àx��|¼����)l@���
3
l�u�9����H��u����º9��/l�����u�0

35¼��$x�± ­ ³






1 −1 1 0 0 1

0 1 0 0 1 1

0 0 1 −1 3 5






L1 ← L1 + L2 − L3







1 0 0 1 −2 −3

0 1 0 0 1 1

0 0 1 −1 3 5







®

´ �|�@:2�£t�u��}02�nu�9@����xjk �|����� ��:��'i~�
P

³
P−1 =







1 −2 −3

0 1 1

−1 3 5







®

! ® gj���
T =







1 −2 −3

0 1 1

−1 3 5






·







1 1 1

−1 1 −1

−2 0 −2






·







2 1 1

−1 2 −1

1 −1 1







=







9 −1 9

−3 1 −3

−14 2 −14






·







2 1 1

−1 2 −1

1 −1 1






=







28 −2 19

−10 2 −7

−44 4 −30






= T .

gM»G���ru��^��u�9��ºx|�A:ºv ��x�v 9�x�: ��-z��� 9��.�^��9~0"Æw0n�2�)�$�n463)i�k 9@���Àv ��x�v 9�x��$02�n��v � ® ¾ �}02�nu�9����E³

T 2 =







−32 16 −24

8 −4 6

48 −24 36







�w0
T 3 =







0 0 0

0 0 0

0 0 0







´ ���@:2�jt�l�u�9@��02u�9�0
n > 3

t
T n = T n−3 · 0 = 0.gjv5� ¯ u��|0 n > 3

® ´ x|u��n:
T n = 0

® ¾ �¥� �¥i~35i~9@�{0À³

An = (PTP−1)n = PTP−1PTP−1 · · ·PTP−1 = PT nP−1 = P0P−1 = 0
:�u��{0A³

An = 0 .

%



o"u�����Æw0n� 46� ��0At5�������\��u��8:¨l@��:¨lGu�9���7�9@u��@u��.l@��:2:2�"l@���
T n

t~±Çl@�$�20¨l�u�9��r��u�9@:Á¹M�$���2��v �$x8vw9@x|�5� ® ½�x�46�':��54Ç»�x��
�$9@:n:2�¡gTl�x�9@: � �¨¹M��v �|x��)i~�)46u���02�n� �ºi~���n�5v�0n� 46� ��0�7�9��

An = 0
l�u�9@�

n > 3
®

��® gj���
E(t)E(t′) = (I3 + tA +

t2

2
A2)(I3 + t′A +

t′
2

2
A2) = I3 + (t + t′)A +

(

t2

2
+

t′
2

2
+ tt′

)

A2.

p¡�}� � �w05t�x��5:��$9�02�n�5:Á02� �n46�5:ri~9¥i~3 ��� x�u�l�l�� 46� ��0¨¹Tu���0���l�l@���n����0n�2��i��5:rl�9��8:2:n�$�Gvw�5:
Ak

i~�
A
t~�H���Av

k > 3
t��w0

:�u���0ºi�u��@v���9�x�x|�A: ®
´ ���@:2�¡³

E(t)E(t′) = I3 + (t + t′)A +
(t + t′)2

2
A2,

:2u��|0
E(t)E(t′) = E(t + t′)

®
gM»G� ¸ �)x8�67�9��5:�02��u��}l��n35vw3Ai~� ��0n��t~u��zi~3Ai~9��|0À³

E(t)E(−t) = E(0) = I3.
� �$�"vwu��@:2357�9�� ��0At

E(t)
�5:�0"�|�����5�n:2��»�x|��t��w0�:2u��}�|�����5�n:2���5:�0

E(−t) = I3 − tA + t2

2 A2 ®

gjv5� ¸ �)46Æ54¿��t�l@���º9����'�23Avw9��n�n� �@v �\��464¿3Ai~�8�^02�·gj±¿�23Ai~�|¼�� � � �\³
E(t)n = E(nt) = I3 + ntA +

n2t2

2
A2.

] V~FHKALMI�� �������H�ÁD�N�I�N�KALMI�`M`jI=O �|Q�N�IzcdV~K F^LjJ�IzJ�V�FAF	��IÄO �|DGF^O�F^I �



¯ u��|0 B
�w0

D
x��5:�4,�^0n�2�8vw�A:ºi~3wµ@�@�|�A:�l@�$�

B =

(

0 −1

2 3

) � 0
D =

(

1 0

0 2

)

®

­�® ] F^I�cdLMb�F^I¥c:��K���D�O�I�� u��=l�u�:2�
Q =

(

a b

c d

) t@�w0"u��}�n35:2u�9~0ºx��':2È~:�0nm 46�
BQ = QD

³























−c = a

−d = 2b

2a + 3c = c

2b + 3d = 2d

���5:'i~� 9�� i~� �n����m �n�5:\357�9@�$02��u��@:':2u���0\�n�5i~u��@i�����0n�5:5tG� 0)x|�A:�i�� 9��Äl@�2�54¿��m �n�5:\357�9@�$02��u��@:�i~u������ ��0)x��5:'vwu���0n�n���|��0n�5:
:29��

Q
® ¾ �}l�� 9~0"l@���º� �~� 46l�x��Àv�1�u���:2�|�

a = 1
�w0

b = 1
t�v � x8�¿�|46l�u�:2�

c
� 0

d
³

Q =

(

1 1

−1 −2

)

.

R}I�Q ��Ljb�c�I©cV��K��
D�O
I�� ¾ �Y�|��02�5�2l@�2m 02�.x8� �2�5x��$02��u��d�n�5v�1��5�nv�1@3 �.v u�4646�.9��©v�1@�$��¼�� 46� ��06i~�=»G��:2� ® ¯ � f
�5:�0

x£k �5�@i~u�4¿u��2l@1���:246�\i~�
R

2 v �$�@u����87�9�� 46� ��0¨��:2:2u~vw��3\±
B

t~�$x�u���:
D

�2�5l��23A:��5��02�"x8�À4,�^0n�2�8vw��i~�
f

i@�$�@:¨9����'vw�5��0��$�����
»@��:��

B = (b1, b2)
t�x8�.4,�^0n�2�8vw�¿i~�6l@��:n:n�$¼��Ei~�Ex8�·»G��:2�¿v5�$��u�����7�9��¿±

B
3w0��$��0

P
®�¸ �$�@:�vw� 0�0n�¿»G��:2��t

f(b1) = b1� 0
f(b2) = 2b2

® Å��nu�9���u��@:,i��¥02� x8:,35x|354¿�5��0n:
b1

�w0
b2

® � u�9��·v � x8��t¡�n35:2u�x���u��@:¿x|�A:,357�9@�$02��u��@:
f(X) = X

� 0
f(X) = 2X

t��H���5v
X =

(

x

y

) ®

• � 35:2u�x�9~0n�|u��}i~�
f(X) = X

³�x|�):2È~:�0nm 46�À±¿�23A:�u�9@i~�n�\�A:�0)³ { − y � x

2x + 3y � y

���6:2�5vwu��@i~�'357�9@�$02��u��}�5:�0"�2�Ai~u��Gi��$��02�&��x£k �5:2l@��v �'i��5:º:2u�x�9~02��u��@:��A:�0"�5��¼��5�@i~�n3\lG�$�
b1 =

(

1

−1

) ®

• � 35:2u�x�9~0n�|u��}i~�
f(X) = 2X

³~x��À:�È~:�02m 46�)±¿�23A:�u�9@i~�n�\�A:�0À³ { − y � 2x

2x + 3y � 2y

���6:2�5vwu��@i~�'357�9@�$02��u��}�5:�0"�2�Ai~u��Gi��$��02�&��x£k �5:2l@��v �'i��5:º:2u�x�9~02��u��@:��A:�0"�5��¼��5�@i~�n3\lG�$�
b2 =

(

1

−2

) ®
�
�'¹M�$46��x|x��

(b1, b2)
�5:�0Á9����\»@��:2��i~�

R
2 ®�¸ ���@:Áv �w0�0n��»@��:���t�x8�)4,�^0n�2�8vw��i��

f
�5:�0

D
® ���)4,�^0n�2�8vw�\i~�"l@��:2:n�$¼��"i~��x8�

»@��:��Àv5�$��u����87�9@�'±¿x8�6»@��:2�
B

�5:�0"x��646Æ54¿�)4,�$02�n��v �
Q

7�9��Àvw�5x|x��'02�nu�9@��3 �'l@���ºx��6463 021�u~i~�)l��n35v 35i~�5��02�2��i�k �$l@�2mA:
x��5:�¹Tu��24E9�x��5:�i~�Àv�1@����¼��54¿�5��0ºi���»G��:2��t~u��¥�,i~u��@v¿³

D = Q−1BQ
®

�
�Ç¹Tu��24E9�x��'i�k ������� ��:2�|u��=i~�A:º4,�^02�n�8vw�5:
2× 2

i~u����@����464635i~�8�^0n� 46� ��0À³

Q−1 = −

(

−2 −1

1 1

)

=

(

2 1

−1 −1

)

.

	



! ® ¾ �¥� �¥i~3Ai~9��|0�x��¿�^�$x�� 9@�"i~�
Bk

lGu�9���02u�9~0
k ∈ N

³

∀k ∈ N, Bk = QDkQ−1 =

(

1 1

−1 −2

)(

1 0

0 2k

)(

2 1

−1 −1

)

=

(

2− 2k 1− 2k

−2 + 2k+1 −1 + 2k+1

)

.

´ �|�@:2�£t�lGu�9���02u�9~0
k ∈ N

t
Bk = E1 + 2kE2

t�u�É

E1 =

(

2 1

−2 −1

) �w0
E2 =

(

−1 −1

2 2

)

.

��® ´ �|�@:2�£t

∀n ∈ N, En(t) =

n
∑

k=0

(tB)k

k!
=

n
∑

k=0

(t)k

k!
E1 +

n
∑

k=0

(2t)k

k!
E2.

¾ �6� �,i~3Ai~9��|0Áx��5: � ��l@�2�A:2:2�|u��@:ai~�
an(t)

t
bn(t)

t
cn(t)

�w0
dn(t)

� �,vwu��@:��8i~35�n����0 x��5:¡v u��w¶·vw��� ��0n: i��"vw�w0202�"4,�$02�n��v ��³

an(t) = 2
n
∑

k=0

tk

k!
−

n
∑

k=0

2tk

k!

bn(t) = − 2

n
∑

k=0

tk

k!
+ 2

n
∑

k=0

2tk

k!

cn(t) =

n
∑

k=0

tk

k!
−

n
∑

k=0

2tk

k!

dn(t) = −

n
∑

k=0

tk

k!
+ 2

n
∑

k=0

2tk

k!

� ®º¸ k ��l��nm5:"x��À0n1�3 u��2m546�Çi~�5:\:�35�2���5:�� �~l�u����5��0n�|�5x|x��5:5t ∑ tk

k!

vwu������ �n¼��'�w0 +∞
∑

k=0

tk

k! = et
��i~�E4¿Æ546��t ∑ (2t)k

k!

vwu������ �n¼��
� 0 +∞
∑

k=0

(2t)k

k! = e2t ® ´ ���@:2�jt@� �}l@��:n:2����0º±¿x8�¿x|��46�{0n�Ài��$�@:�x��5:"� �~l��n�5:n:���u��@:rvw�|°�i~�5:n:�9G: t~u��=u�»~02��� ��0À³

lim
n→+∞

an(t) = 2et − e2t

lim
n→+∞

bn(t) = − 2et + 2e2t

lim
n→+∞

cn(t) = et − e2t

lim
n→+∞

dn(t) = − et + 2e2t

�~® gj��� ¾ �}�}³

E(t) =

(

lim
n→+∞

an(t) lim
n→+∞

cn(t)

lim
n→+∞

bn(t) lim
n→+∞

dn(t)

)

=

(

2et − e2t −2et + 2e2t

et − e2t −et + 2e2t

)

= etE1 + e2tE2,

u�É
E1

�w0
E2

:�u���0ºx��5:º4,�$02�n��v �5:ºi~3Avw�n�{0n�5:ºvw�|°�i~�5:n:�9G: ®
gM»G� ¾ �}�6i~3���±,v ��x�v 9�x|3

E1
� 0

E2
® p � �Av�0n9�u��@:"x|�59��n:�l@�2u~i~9��|0n:À³

E1E2 =

(

2 1

−2 −1

)(

−1 −1

2 2

)

=

(

0 0

0 0

)

,

�w0�i~��46Æ 46�
E2E1 =

(

0 0

0 0

) ® ¾ �.v ��x�v 9�x|��3 ¼���x|�546� ��0
E2

1

�w0
E2

2

7�9�����u�9@:Á:2� �nu���0Á9~0n�|x��5:¨l�u�9��rx��E7�9��5:�02��u��
:�9@�|�^�$��0n�¿³

E2
1 =

(

2 1

−2 −1

)

= E1
� 0

E2
2 =

(

−1 −1

2 2

)

= E2.

�
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E(t)

�5:�0
�|����� ��:���»�x���i�k ������� ��:��

E(−t)
® qr�$x8vw9@x|u��@:ºi~u��GvE³

E(t)E(−t) = (etE1 + e2tE2)(e
−tE1 + e−2tE2)

= ete−tE2
1 + ete−2tE1E2 + e−te2tE2E1 + e2te−2tE2

2

= E1 + E2 =

(

1 0

0 1

)

= I2.
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E(t)

�w0
E(−t)
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