
���������	��

������� �������������! 
"#�%$	&(')����*,+�-/.0��*,132!4�5/�
687
9 ���
�;:<��=

>#?A@;BDCEBDFHGHFHI/JLKNM8OQPR@S?T?AU!V�I/FW@SX�K

Y�Z�U!?AV�FWV�U\[]'
^�_

A ∩ C� _
A ∩ B ∩C `Eacb +�d�.0.05%�fe a 4;��g�5ih!�0��j;�/kL.0��1l�meS�������onp5/.q.05�k;2!4�1�5/�r*�e a 4S��st5u4�j�5]vH�,5/.(���w2�4;5uxy2!4�5 a �0gE5u��j�1lzu��51ljEnpd���.(�A*�1{d�j�k���e�e�d��,*,-/5#e;���

B
5<�t*���5/gEd�j;g���j!*�5�k�|}5%2!4�1��,1l~�j�1{�;5%2!4�5

A ∩ C ⊂ B
_

A − (A ∩ B) `;aWb +�d�.0.05%�qe a 4S��gE5%h��q��jS�uk�5u*�5/�r*�e a 4S�Dst5u4�j;5o2�4;5#���fnp5u.0.05 _

A ∪ B ∪ C `�acb +�d�.0.05fd�4 a �]np5/.q.050�)e a 4;�igE5qh��8��j;�/k�d�4�� a d���� aWb +�d�.0.05q5/�r*ie a 4;��st5u4;j�5q2!4�5 a �(np5u.0.05 _�� jg b ��4�*,��5/�i*,5/�,.05<�uk��,1 aWb +�d�.0.0505/�r*%e a 4S�%��~�-02!4�5 a �8np5/.q.05�k�� a d��w� acb 4�j�g�5/�%gE5/4E��vp5u*og���j;�%|u5(|u���/k�| b 5/�r* a 5(|u���npd���|u-u.05uj!*�eSd�4�� acb +;d�.0.05�kE.(��13�m-u��5uj!*,4�5 a{a 5u.05/j�*���4;�,�,1�e�d�� a �qnp5u.0.05<�m�qe a 4;��gE5%h!�f��j;� _
Y�Z�U!?AV�FWV�U	�N'��Ed�1{*

A
5u*

B
gE5/4E��-u��-uj�5/.q5/j!*�� _�� j�j�d�*,5

A4B aWb -u��-uj�5/.q5/j!*y|}d�j;�r13�r*���j!*��8gE1{��5R2!4�5o5u����|�*�5u.05uj!*�4;jgE5/��g�5u4E�N-u��-/j�5u.05/j�*w�
A
5}*

B
� a 1l5u4 _;� a � b ��~�1�*�gE5 a ���A� ���u�,�u���w�o�w�A�(�u�W���H�u ;� _^�_

A4B = A ∪ B \ A ∩ B
_

� _
(A4B) ∪ (A4B) ⊂ Ω

5/�r*�-u�L1lg�5uj!* _
�Ld�1�*

x ∈ Ω
_;¡ a d����/kE�r4�e;eSd!�rd�j;��2!4�5 x 6∈ A4B

_�� j��0gEd�j;| `
•
�rd�1�*

x ∈ A ∩ B
k;gEd�j;|

x ∈ A
5}*

x 6∈ B
k;gEd�j;|

x ∈ A ∪ B
k;.0��1l�

x 6∈ A ∩ B
kS�rd�1�*

x ∈ A4B ¢
•
�rd�1�*

x 6∈ A ∪ B
k�gEd�j;|

x 6∈ B
5}*

x 6∈ A
k�gEd�jS|

x ∈ B
vp5}*ogEd�j;|

x ∈ B ∪ A
��k�.(��13�i��4;���r1

x 6∈ A ∩ B
k�g b d�£

x ∈ A4B
_

� j�5uj�gE-<gE4�1{*y2!4�5
Ω ⊂ (A4B) ∪ (A4B)

_
¤ b ��e���z/� a 5%e��,dE|u-/gE-%gE5%gEd�4�¥ a 5}¦§1{j;| a 4S�r1ld�j�kEd�j85/j�gE-/gE4;1�* acb -/~�� a 1{*,- _¨�_ �Ld�1�*

x ∈ A4(B ∪ C)
_�¡ a d��w�i�r1 x

j b 5<�t*#e;���yg���j;� A
k�1 a 5/�r*ig;��j;� B

d�4
C
_ ¤�d�j;|

x
5<�t*#g���j;�

A
k
B
d�4

C
_ ¤y5

e a 4;�/k�1 a j�5]e�5u4�*Re;���o©}*,��5]g���j;� A ∩ B
k
|u���

A ∩ B ⊂ A ∩ (B ∪ C)
k
5u*

x
j b 5/�r*Re;���Rg���j;�R|}5}*o5/j;�,5u.R¥ a 5(e;���gE-u�;j�1{*,1ld�jNgE5

A4B ∪C
_ ¤y5i.q©/.05

x
j;5�e�5u4E*me;����©}*��,5y� a �%npd�13�ªg;��j;� A

5u*«g���j;�
C
_L¡ 1lj;�,1Wk

x ∈ A4B ∪A4C
_

¬ b 1lj;| a 4;�,1{d�j��r4�1l�A��j!*,5#5<�t*m*,d�4Astd�4;���m��-/� a 13�r-/5 ` A4(B ∪ C) ⊂ (A4B) ∪ (A4C)
_

�Ld�1�*
x ∈ (A4B)∪ (A4C)

_E¡ a d��w� x
5/�r*�g���j;�

A
d�4

B
vp.(��1l�ªe;����g���j;� a 5<�ªgE5/4E�;��k!d�4 x

5/�r*�g���jS�
A
d�4

C
vH.(��13�

e;����g���j;� a 5/��gE5/4E�;� _ ¤�d�j;|�k;�,1 x
j b 5<�t*�eS����g���j;� A

k;1 a 5/�r*yg���j;� B
d�4

C
k;g�d�j;|%g���j;�

B ∪ C
_�¡ 1lj;�r1ck

x
5<�t*ig���j;�

A
d�4�g;��j;�

B ∪ C
_

­D5u4�*r¦§1 a ©}*��,58g���j;�q|}5<�fg�5u4E�®5ujS�r5/.R¥ a 5/�R5uj¯.0©u.05)*,5u.0e;��° ¡ e���1ld���1ªd�4;1 _ ¤�1l��5)e;���R5}�E5/.qe a 5N2�4;5 x
5/�r*qg���j;�

A4B
j b 5/.qe�©/|w+;5oe;��� x

g b ©}*,��5o� a �0npd�13��g���j;� A
5u*yg���jS�

C
kS�,1

A
5}*

C
d�j�*�g�5/��e�d�1lj!*���|ud�.0.R4;j;��2!4�1�j�5f�rd�j�*

e;����g;��j;�
B ` ��1{j;�,1ck�4�j)*,5 a e�d�1lj!* x

�r5/���Rg���j;�
A
.(��1l��e;���«g���j;�

B
kEgEd�j;|yg���jS�

A4B
k!.(��1l�«|}d�.q.05i1 a 5/�r*�g���j;�

A∩ (B ∪C)
kE1 a j;5ye�5u4E*�e;���ª©u*,��5ig;��j;� A4B ∪C

_�¡ 1{j;�,1ck!4;j�5i|ud�j;g�1�*�1{d�j)j�-<|}5/������1l�,5�5<�t*
A∩C ⊂ A∩B

k!5u*mg�5
.0©u.05#5ujN1lj!��5u�w�,��j!* a 5#�,± a 5#gE5 B

5}*
C ` A ∩B ⊂ A ∩ C

_ ­²����|}d�j;�,-/2!4�5uj!*<k
A ∩ B = A ∩C

5/�r*«4;j�5o|}d�j;gE1{*,1ld�j
j�-<|}5<�,����1l�,5 _
��d�j!*,��d�j;��2!4 b 1 a � b ��~�1{*�g b 4�j�5o|}d�j;gE1{*,1ld�j��r4�³(����j!*�5 _ �L4�e;eSd!�rd�j;��2!4 b 5 a{a 5o�,d�1{*m��-u��1��S-u5 _�¡ a d����

(A4B) ∪ (A4C) = ((A ∪ B) \ (A ∩ B)) ∪ ((A ∪ C) \ (A ∩ B))

= (A ∪ B ∪ C) \ (A ∩ B) = (A ∪ B ∪ C) \ ((A ∩ B) ∪ (A ∩ C))

= (A ∪ B ∪ C) \ ((A ∩ (B ∪ C)) = A4(B ∪ C).

Y�Z�U!?AV�FWV�Uµ´�'��Ed�1{*
(Ω, T )

4�j	5<�re;��|}5qe���d�¥;��¥�1 a 13�,��¥ a 5f�;j�1ªd�4	gE-uj�d�.R¥��w��¥ a 5 _�� j	gE1{*R2!4 b 4;j�-/��-/j�5u.05uj!* A ∈ T
5<�t*

.01{j�1l.(� a �,1 a 5/���,5u4 a ��-u��-uj�5/.05uj!*��m|}d�j!*,5ujL4;��g;��j;� A
�,d�j!*

∅
5u*

A
_

^�_ �Ld�1�*
Eω aWb 5ujS�r5/.R¥ a 5%gE5/��-/��-/j�5u.05uj!*w��gE5 T |ud�j!*,5/j;��j!*

Ω
_;¶ d�*,d�j;�

M =
⋂

A∈E

A
_

· 5u*r*,5%1lj!*,5/���,5/|}*,1ld�jN5/�r*�j�d�jN�L1lgE5�k�e�4�13��2�4;5
Ω ∈ E

_
¸�4;�r*,1{�;d�j;�fg b ��¥�d��wg�2!4�5 M

5<�t*f4�j¯- a -u.05/j�*qgE5 T
k�|}5)2!4�1«j b 5/�r*Re;���o-u�L1lg�5uj!*f��e���1ld���1Wk�|/��� acb 1{j!*,5/���,5/|}*,1ld�j®j b ���4;|}4�j;5�����1l�,d�j0g b ©}*��,5�g�-uj�d�.R¥��w��¥ a 5 _ ����13�²d�j(e�5u4�*«�,5�����.q5/j�5u���#4�j�5�1lj!*,5u�w�,5/|�*�1{d�j(gE-uj�d�.R¥��w��¥ a 5�k�~��w¹�|u5m��40nH��1{*2!4�5

Ω
5/�r*�gE-uj�d�.R¥��w��¥ a 5 _

^



� jN5���5}*<kEeSd�4��«*,d�4E*
x ∈ Ω \M

kEe�4�13�,2!4�5
x 6∈

⋂

A∈E

A
kE1 a 5}�E13�t*�5 A ∈ E

*�5 a 2!4�5 x 6∈ A
_E¶ d�*�d�j;�«4�j8*,5 a 5uj;�,5u.f¥ a 5

Ax

_;¡ a d����/k
M =

⋂

x∈Ω\M

Ax.

� j�5���5u* `
• aWb 1lj;| a 4;�,1{d�j�gE1{��5/|}*,5o5<�t*i1{.0.0-/g�1l��*,5RgE4�nH��1{*y2!4�5R|}5u*r*�5R1lj�*�5u�w�r5<|�*�1{d�j�|ud�.0e���5uj;g�g�5/��*�5u��.05/��2!4�1��rd�j!*�*,d�4S��gE5/�nH��|}*,5u4;����gE5 acb 1{j!*,5/���,5/|}*,1ld�j�gE-}�Sj�1l������j!* M

_
•
¬ b 1{jS| a 4;�r1ld�j ��-/|}1le���dE2�4;5NgE-<|}d�4 a 5�gE4�nH��1{*)2!4�5�eSd�4��q*,d�4�*

y ∈ Ω \ M
k
x 6∈ Ay

k g�d�j;|
y 6∈

⋂

x∈Ω\M

Ax

_ ¬��
|}d�j�*�����eSd!�r-/5ig�d�j�j�5#¥�1l5uj ` e�d�4;�m*,d�4�* y ∈

⋂

x∈Ω\M

Ax

k
y ∈ M

k;g b d�£ aWb 1lj;| a 4;�,1{d�j8��-/|u1{e���dE2!4�5 _
� �<k

Ω
-u*���j�*R��4	e a 4S�ogE-uj;d�.R¥;����¥ a 5�k�1 a 5uj	5/�r*RgE5(.0©u.05]gE5 Ω − M

_
¡ 1lj;�r1ck acb 1lj!*,5/���,5/|}*,1ld�j	|}d�.0e�d��,*,5]��4\e a 4;�4�j;5�1{j��;j�1{*,-\g�-uj�d�.R¥��w��¥ a 5�gE5�*�5u��.05/�/k²*,d�4;�)g���j;� T
_ ­²���8�r*���¥�1 a 1{*,-�g b 4�j;5�*,��1{¥;4 e;���]1lj!*,5/���,5/|}*,1ld�j;�]��4Qe a 4S�gE-/j�d�.f¥��w��¥ a 5/�/kLd�j�5uj�gE-/g�4�1�*i2�4;5 ⋂

x∈Ω\M

Ax

5<�t*�g���j;�
T
k;g�d�j;|#2!4�5

M
5<�t*�g���j;�

T
_

M
|}d�j!*,1l5uj!*ª¥�1l5uj

ω
e�4�13�,2!4�5y|w+;��2!4�5mnH��|�*,5/4���g�5 aWb 1lj�*�5u�w�r5<|�*�1{d�j0|ud�j!*,1l5uj!* ω

_ ��d�j!*��,d�j;�²2!4�5
M

5/�r*ª.01{j;1{.(� a _ �Ed�1{*
N ⊂ M

4�j�5uj;�,5u.f¥ a 5#g;��j;� T _�¡ a d��w� `
•
�r1

ω ∈ N
k«� a d��w� N

5<�t*84�jQnH��|}*,5u4;�)g���jS� aWb 1lj�*�5u�w�r5<|�*�1{d�jQg�-}�;j�13���,��j�*
M
k«gEd�j;|

M ⊂ N ¢ 5}*8|ud�.0.05�e;���gE-}�Sj�1�*�1{d�j�k
N ⊂ M

kEd�j85/j�gE-/gE4;1�*�2!4�5
M = N ¢

•
�r1

ω 6∈ N
k�� a d��w� ω ∈ M \N

_S� �<k
M \N

5<�t*�4�j�- a -u.05/j�*�gE5 T ��4S�,�,1WkE|ud�j!*,5/j;��j!*
ω
5u*�|ud�j!*,5/jL4Ng���j;�

M
_ ¬�5

.0©u.05o����~�4�.05/j�*�2!4�5%|}1{¦ gE5/���r4S�m.qd�j!*,��5i2!4�5
M \ N = M

k�e�4�13��2!4�5
N = ∅

_
¡ 1{j;�,1ck a 5<���,5u4 a �m- a -u.05uj!*w��gE5 a �f*��,1l¥�4�1{jS| a 4;��g���jS� M

�,d�j!*
M

5}*
∅
_ · b 5/�r*�¥�1l5uj�gE1l�,5%2!4�5 M

5/�r*m.01lj�1l.0� a _
M

5/�r*�4�j�132!4�5%��-/�,1{�S��j!*�|}5u*r*�5%e��,d�e���1{-u*,- _E� j�5���5}*/k��rd�1�*
N
��-/�,1{�S��j�*�-/~�� a 5u.05/j�*�|u5}*r*�5oe���d�e���1l-}*,- _�¡ a d��w� ω ∈ M5u*

ω ∈ N
k�gEd�jS|

ω ∈ M ∩N
_S� �<k

M ∩N
5<�t*�4�jN- a -u.05uj!*�gE5 T kLj�d�j8�L13gE5�kE|}d�j!*,5ujL4N� a �Rnpd�13�«g;��j;� M

5u*�g���j;�
N
_ ­D����.01{j�1l.(� a 1�*�-ogE5 M

5u*
N
k�d�jN5uj�gE-<gE4�1{*�2!4�5 `

M = M ∩ N = N.

¤ b d�£ M = N
k;|}5%2!4�1�e���d�4;��5 aWb 4�j�13|}1{*,-ogE5 M

_
� _ · d�j;�r13gE-/�,d�j;�uk²e�d�4;�(*,d�4E*

ω ∈ Ω
k

Mω acb 4�j;1l2!4�5�-/��-/j�5u.05uj!*(.01{j;1{.(� a |}d�j�*�5uj;��j!* ω
_ · d�j;�,13gE-u��d�j;� a ��nH��.01 a{a 5

(Mω)ω∈Ω
_ · 5}*,*,50nH��.q1 ala 5(5<�t*o|}d�j;�r*,1{*,4�-]g b -u��-uj�5/.05uj!*ogE5u4E���Ng�5u4E�	�rd�1�*%-u~!��4E���,d�1{*%1{jS|}d�.0e;��*,1l¥ a 5/� _�� j	5���5}*<k�,d�1{*

ω
5u*

ω′ g���j;� Ω
_S¡ a d��w�

Mω ∩ Mω′ ⊂ Mω

5}*
Mω ∩ Mω′ ⊂ Mω′ ,

gEd�j;|�k²eS���q.q1lj�1l.(� a 1�*�-�g�5 Mω

5u*]gE5
Mω′

k²�rd�1�*
Mω ∩ Mω′ = ∅

kD�,d�1{*
Mω ∩ Mω′ 6= ∅

k�.(��1l�(g���j;�0|}5�|u���
Mω ∩ Mω′ = Mω

5}*
Mω ∩ Mω′ = Mω

k;g b d�£ Mω = Mω′ .¡ 1{j;�,1ck a �#nH��.01 a{a 5 (Mω)ω∈Ω
5<�t*«|}d�jS�t*�1�*�4�-u5�g b 4�j)|u5u�,*���1{j0j�d�.R¥���5�gE5�|}d�e�1l5/� gE5y|}5u�,*���1{jS�²5uj;�,5u.f¥ a 5/� gE5/4E�(�%gE5u4E�1lj;|}d�.0e;�A*�1{¥ a 5/� _ ¤�5ie a 4;�/k!e;4�1l��2!4�5�e�d�4;�ª*�d�4E* ω ∈ Ω

k
ω ∈ Mω

k aWb - a -u.05uj!* ω
5/�r*mg;��j;� aWb 4�j�1ld�jNgE5#|}5/��5ujS�r5/.R¥ a 5/� _¡ 1{j;�,1ck ⋃

ω∈Ω

Mω = Ω
_

� jNj�5i~�����g���j!*�2!4 b 4;j�5%|}d�e;1{5igE5/�m|w+;��2�4;5�5ujS�r5/.R¥ a 5ig;��j;�«|}5u*r*,5inH��.q1 ala 50vHgEd�j;|y5uj8�,4�e�e;�,1l.(��j!* a 5/�«��-ue�-}*,1{*,1ld�jS���}kd�jNd�¥E*,1l5uj!*�4�j;5#nH��.01 ala 5%e a 4S��eS5u*,1{*,5�kSgEd�j;|i*,d�4;� a 5/�m-u��-uj�5/.05uj!*����,d�j!*�.01{j;1{.(��4���kSgE5u4E���(gE5u4��81lj;|}d�.qeS�A*,1l¥ a 5/�/k5u*%g�d�j!* acb 4;j�1{d�j�nH��1�* Ω
_ · b 5<�t*%gEd�j;|R4;j\���L�r*,z/.05q|ud�.0e a 5}*#.q1lj�1l.(� a _ · 5u*r*�5fnH��.01 ala 5q5/�r*%gE5q|/���wgE1lj;� a e a 4;�ieS5u*,1{*2!4�5 a 5R|/���wgE1lj;� a g�5 a �0nH��.01 a{a 5 (Mω)ω∈Ω

kSgEd�j;|o2!4�5 a 5R|/���wgE1lj;� a g�5 Ω
_S¡ 1{jS�r1ck�|u5R���L�r*,z/.05R|}d�.qe a 5u*y5/�r*y��4�e a 4S�gE-/j�d�.f¥��w��¥ a 5 _¬ b 4�j;1l|u1�*�-qe;�,dA�L1l5uj!*igE5 acb 4;j�1l|u1�*�-qg�5 acb -u��-/j�5u.05/j�*#.01{j;1{.(� a 50|}d�j!*�5uj;��j�* ω

_�� j�5���5}*/k�|u5 a �)1l.0eSd!�r502!4�5 aWb 4�j�132!4�5e;���r*�g b 4�j����L�r*,z/.05o|}d�.0e�5}*�.01{j;1{.(� a 2�4;1�|}d�j�*�1{5/j�j�5 ω
5<�t*

Mω

_ · 5 a �0gE-<|}��1�*�5/j�*�1{z/�,5/.05uj!* a 5o���E�t*�zu.05%|}d�.0e a 5}* _¨�_ ¸�5o|}d��,��1{~�5 acb -/j�d�jS|}- ` st5o�,4�e�e�d��,5%2�4;5 a 5%���L�r*,z/.05o|}d�.0e a 5}*�5<�t*��;j;1�d�4�gE-/j�d�.f¥�����¥ a 5 _L� j���5u�A��j;|w+;5�k<st5%j�5%.05}*w�e;����gE5o|}d�j;gE1{*,1ld�j��r4;�
Ω
_;¶ d�*,d�jS�

C a 5o���E�t*�zu.05%|}d�.0e a 5}* _;¡ a d��w�/kLg b ��e��,z<� a 5o|ud�4��w�/k

T (C) = {
⋃

i∈J

Ai, J ⊂ I.}

¬
�(e;���w��.0-u*,��1l���A*�1{d�j)e;���
J ⊂ I

5/�r*�1ljAst5/|}*,1l��5)vWgE5u4E��e;������.0z}*,��5/�mj;5RgEd�j;j�5uj!*�e;��� a 5o.0©u.05o-u��-uj�5/.05uj!*w�}kSgEd�j;|
a 5i|/���wgE1lj;� a gE5 T (C)

5/�r*«-/~�� a �R|u5 a 4�1�gE5 P(I)
k acb 5/j;�,5u.R¥ a 5igE5/��1{jSgE1l|u5/�iv �;j;1�gE5i.0©u.05��A� a 5/4��/k!d�48gE-uj�d�.R¥��w��¥ a 5�kd�4Nj;d�j�gE-uj�d�.R¥��w��¥ a 5#�r4;1{�A��j!* a 5%|u���w� _h _ ¤y1l�r*,1lj�~�4�d�j;��gE5u4E�N|u��� _

•
�L1

Ω
5<�t*
�;j�1!d�4Rg�-uj�d�.R¥��w��¥ a 5�k/�rd�1�* T 4�j�5ª*,��1{¥�4f2�4;5 a |}d�jS2�4;5ª�r4;� Ω

k<5}*
C = (Ai)i∈I aWb 4�j�132!4�5����E�t*�zu.05ª|}d�.0e a 5u*.01{j�1l.(� a *��,d�4���-%g���j;� a �q2!4�5<�t*�1{d�j��Nv I 5/�r*���4Ne a 4;��gE-/j�d�.f¥�����¥ a 5<� _E¡ a d����m.0d�j!*��,d�j;�m2�4;5 T = T (C) `

∗
­ª4�1l��2!4�5#*,d�4E*�- a -u.05/j�*�g�5 C 5/�r*�g;��j;�

T
k a �q*��,1l¥�4N5uj�~�5uj;gE��-u5#-/~�� a 5u.05/j�*<k�gEd�jS| T (C) ⊂ T

_

�



∗
�Ed�1{*

A ∈ T
_�¡ a d����/kLeSd�4��m*,d�4E* i ∈ I

k
A ∩ Ai = ∅

d�4
A ∩ Ai = Ai

k�g�48nH��1�*�gE5 a �q.q1lj�1l.(� a 1�*�-ogE5 Ai

_ �Ld�1{*
J acb 5/j;�r5/.R¥ a 5ogE5<��1{jSgE1l|u5/� i ∈ I

*�5 a ��2!4�5 A ∩ Ai = Ai

_�� j�d�¥E*,1l5uj!*y� a d���� A =
⋃

i∈J

Ai

k;|u5R2!4�1�e���d�4;��5%2!4�5

A ∈ T (C)
_;¡ 1lj;�,1Wk

T ⊂ T (C)
_

¡ 1lj;�,1
T
5<�t* a �R*��,1l¥�4N5uj�~�5uj;g��,-/5ye;���m4�jN���E�t*�zu.05#|}d�.0e a 5}* C = (Ai)i∈I

_ ¤ b ��e���z/� a �q2!4�5/�r*,1ld�jNe���-/|u-/gE5/j�*�5�k T5/�r*�gE5o|u����g�1{j;� a -u~�� a �0|}5 a 4�1�gE5 P(I)
k;| b 5/�r*��0gE1{��5 `

∗
g�5o|u���wgE1lj;� a �;j;1��r1 I

5/�r*«�Sj�1 ¢
∗
g�5q.0©/.q5(|/���wgE1{jS� a 2!4�5 P(N)

�,1
I
5/�r*ogE-uj�d�.R¥��w��¥ a 5 _�� �<k�d�j	�8��gE.01l�#g���j;� a 5(|ud�4��w�y2!4�5 P(N)

5<�t*#j�d�j
g�-uj�d�.R¥��w��¥ a 5 _¡ 1lj;�,1Wk;g;��j;��|u5o|u���/k

P(I)
j�5#eS5/4E*�e;���m©}*��,5%gE-/j�d�.f¥�����¥ a 5qvW��4��r5/j;���r*,��1l|}*w� _

•
�L1

Ω
5<�t*f1{jE�Sj�1�j;d�j¯gE-/j�d�.f¥�����¥ a 5�k��,d�1{* T 4�j;5]*,��1l¥�4¯2!4�5 a |}d�j;2!4�5)�,4�� Ω

_ �L4�e�e�d��,d�jS�o2!4 b 5 a{a 58�,d�1{*o�;j;1{58d�4gE-uj;d�.R¥;����¥ a 5 _�¡ a d��w�uk�d�j0eS5/4E*ª��5}nH��1{��5 a 5�.0©u.05����,~�4�.05uj!* 2�4;5�e���-/|}-<gE5u.0.05uj!*�vp1lj!*,5/���,5/|}*,1ld�j(gE5/� -u��-/j�5u.05/j�*w�|}d�j�*�5uj;��j!*
ω
eSd�4��ªd�¥E*,5/j�1{�ª4�j]4�j�132!4�5�-/��-uj;5u.05uj!*ª.01lj�1{.(� a k!e�4�13� d�¥E*,5/j�*�1{d�j]g b 4�j]4�j�132!4�5����E�t*�zu.05�|}d�.0e a 5u*w� _¤y��j;�#|}50|u���uk�d�j\d�¥E*�1{5/j�*%gE1l�,5<|�*�5u.05uj!* a �8gE-uj�d�.R¥��w��¥;1 a 1�*�-8vW��4�e a 4;�w�ygE5 acb 1{j!*,5/���,5/|}*,1ld�j ⋃

A|ω∈A

A
gE4�nH��1�*%2!4�5

aWb 1lj�*�5u�w�r5<|�*�1{d�j85<�t*�e���1l�,5#�r4���4;jN�,d�4;�r¦§5uj;�,5u.f¥ a 5#gE5 T k�|ud�j!*,5/j;��j!*�gEd�jS|y4;j84�jNj�d�.R¥���5%��4)e a 4;��gE-uj�d�.R¥��w��¥ a 5gE5#*,5/�,.05<� _�¡ 1{j;�,1ck aWb ����~�4;.q5/j!*��,4�� a �0gE-uj�d�.R¥��w��¥;1 a 1�*�-%gE5 Ω
gE5/�L1{5/j�*�1ljL4E*,1 a 5 _¡ 1lj;�,1Wk |ud�.0.05)e���-/|u-/gE5/.q.05/j�*<k

T
5/�r*05uj�~�5uj;gE��-)eS���q4�j ���E�t*�zu.058|ud�.0e a 5}* C = (Ai)i∈I

_ · 5�� �E�r*,z/.q585/�r*
��4¯e a 4;�qgE-/j�d�.f¥�����¥ a 5�k
|/���q|}d�.0e�d��,-)g b - a -u.05uj!*w�fgE5/4E�¯��gE5/4E�¯gE13�t*�1{j;|}*��qgE5

T
2�4;1�5<�t* a 4�1{¦§.q©/.05N��4®e a 4S�gE-uj;d�.R¥;����¥ a 5 _ ¤�d�j;| T 5/�r*�gE4�|u���wgE1lj;� a gE5 P(I)

k;gEd�jS|i�qj�d�4���5<��4�k��,d�1{*m�;j�1ck;�,d�1{*m1ljE�;j;1�j�d�j�gE-/j�d�.f¥��w��¥ a 5 _¡ 1{j;�,1ck;g���jS�«*,d�4S� a 5<��|u���ukE1 a 5/�r*�1{.0e�d����r1l¥ a 5o2!4�5 T �,d�1{*�gE-uj;d�.R¥;����¥ a 5 _
Y�Z�U!?AV�FWV�U®M � ' · 5}*�5u�L5/��|u1l|u5i�(g�-tsr�q-}*�-#*,�w��1{*,-#5uj�e;���r*�1{5%g���j;� a 5%|ud�4��w� _^�_ vW���

• Ω ∈ T
|/���

Ω
5/�r*�|ud��;j;1ªvH�,d�j�|}d�.qe a -/.q5/j!*���1l��5y5<�t*��L13gE5<� _

•
�Ed�1{*

A ∈ T
_ �L1

A
5/�r*��Sj�1Wk�� a d���� A

5<�t*�|}d��;j�1ckE5}*m�,-<|}1le���dL2!4�5/.05uj!* _ ¤y��j;��*,d�4;� a 5<�«|/���/k A 5<�t*m5ujS|}d���5�4;j
- a -/.05uj!*�gE5 T _

•
�Ed�1{*

A
5u*

B
g���j;�

T `
∗
�,1

A
d�4

B
5/�r*�|ud��;j;1Wk�gE13�,d�j;�

A
kS� a d��w� A ∪ B ⊂ A

k;gEd�j;|
A ∪ B

5<�t*��Sj�1WkSgEd�j;|
A ∪ B

5/�r*�|}d��;j�1 _
∗
�,1

A
5u*

B
�rd�j!*«*�d�4;� a 5/��gE5u4E�)�;j�13�uk;� a d���� A ∪ B

5/�r*��;j�1���4;���r1 _
¤i��jS�«*,d�4S� a 5<��|u���uk A ∪ B

5/�r*��;j�1 _ ¤ b d�£ a �0�t*w��¥�1 a 1�*�-#g�5 T eS����4�j�1ld�j _
¡ 1lj;�,1Wk

T
5<�t*�¥�1l5uj�4�j�5o� a ~�zu¥���5 _��d�j!*��,d�j;��2!4 b 1 a j�5m� b ��~�1{*
e;���
g b 4�j�5 σ

¦ � a ~�zu¥;�,5 _ ­Dd�4��D|}5 a �;k<|ud�.0.05uj��ud�j;�
e;����|ud�j;�,1lg�-u��5u��4;jf�,d�4;�r¦c5/j;�,5u.R¥ a 5gE-uj;d�.R¥;����¥ a 5 A
gE5

Ω
vH| b 5/�r*ªe�d����r1l¥ a 5 ` 1 a �,4E³0*«g�5�|}d�j;�t*��,4;1{��5m4�j�5��,4�1{*,5 (un)n∈N

g b - a -u.05/j�*w�ªgE5/4E�(�%gE5u4E�gE13�t*�1{j;|}*�� ` d�j8e��,5/j;g(j b 1l.qe�d��,*,5#2!4�d�1�e�d�4�� u0
kLe�4�13�«j b 1l.0eSd��r*�5i2!4�d�1�����4�n u0

e�d�4��
u1

5}*w| _ ¢ d�j8�o*,d�4�std�4��w�
a 5	|w+�d�1���km�r1lj�d�j |}5 a �µ�,1l~�j�1{�;5u�w��1{*N2!4�5

Ω
-u*���1{*�5uj nH��1�*N�;j�1ck�|}5	2!4�1y��5uj!*��,5\5uj |ud�j!*,�w��g�1l|}*,1ld�j �T��5<|�j�d!�

+ �!e�d�*�+�z/�,5/�w� _
¡ a d��w� A

5/�r*o1{jE�Sj�1Wk
�r1lj�d�j
Ω
�,5u�w��1{* acb 4�j�1ld�j®gE5(gE5u4��\5ujS�r5/.R¥ a 5/�%��4\e a 4;�%gE-/j�d�.f¥��w��¥ a 5/�/k�gEd�j;|0�,5u�w��1{*o��4e a 4;�yg�-uj�d�.R¥��w��¥ a 5 _�� j�d�¥E*�1{5/j!*y.0©u.05R2!4�5 A

5/�r*yj;d�j�gE-/j�d�.f¥�����¥ a 5�k;.(��1l��j�d�4;�yj b 5uj��T��d�j;��eS���y¥S5<�rd�1{j1l|u1 _
¡ 1lj;�,1Wk

A
j b 5<�t*�j�1��Sj�1�j�1�|ud��;j;1Wk;g�d�j;| A 6∈ T

_ ����1l� `
A =

⋃

ω∈A

{ω}.

· 5/|u1;5/�r*�4;j�5�4�j�1ld�j8gE-uj�d�.R¥��w��¥ a 5ovHe�4�13�,2!4�5 A acb 5<�t*��²g b - a -u.05uj!*��«gE5 T vHgE5<���,1{j;~ a 5}*,d�j;� �,d�j!* �;j;1l��� � _!¡ 1{j;�,1ck
T
j b 5<�t*�eS�����r*���¥ a 5#e;����4�j�1ld�j�gE-uj�d�.R¥��w��¥ a 5 _E� a 5uj��,-<�r4 a *�5#2!4�5 T j b 5/�r*�e;���m4;j�5 σ

¦§� a ~�zu¥���5 _vH¥S���Ld�1{*
T ′ a �f*,��1{¥;4N5/j�~�5/j;gE��-#e;��� a 5/��-/e��,5/4���5<� _

• � d�4�*�g b ��¥Sd���g�k a 5<�m-ue���5u4���5/�m�,d�j!*�g���j;� T k�gEd�jS| T ′ ⊂ T
_

•
�Ed�1{*�4�j�-u��-/j�5u.05/j�*

A ∈ T
_�¡ a d��w� `

∗
�,1

A
5<�t*��Sj�1Wk

A =
⋃

ω∈A

{ω}
_ · 5}*r*�5%4�j�1ld�jN-}*w��j!*��;j�1ck

A ∈ T ′ ¢
∗
�,1

A
5<�t*0|}d��;j�1ck�� a d����/k�e;��� a 5)e�d�1lj!*fe���-/|u-/gE5/j�*<k A ∈ T ′ |/��� A

5/�r*R�Sj�1Wk�e�4�13�/k�eS���f�r*���¥�1 a 1{*,-Ng b 4;j�5� a ~�z/¥���5ye;����|}d�.qe a -/.q5/j!*��A*�1{d�j�k A ∈ T ′ _¡ 1{jS�r1ck
Tcal ⊂ T ′ _� j85/j�gE-/gE4;1�*�2!4�5

T
5/�r* aWb � a ~�z/¥���5y5/j�~�5/j;gE��-u5#e;��� a 5/�m-/e���5u4���5/� _vW|/� � jNg�-}�;j�1{*�4�j;5#��e�e a 1l|/�A*�1{d�j P : T → R+

e;��� `
{

P (A) = 0
�,1

A
5/�r*m�;j�1

P (A) = 1
�,1

A
5/�r*�|}d��Sj�1 _

· 5 a ��gE-}�;j;1�* P
�r4��#*�d�4;� a 5/�#- a -/.05uj!*��%gE5 T

5u*%g�5(.0��j�1lzu��5fj�d�j\-<2!4�1{��dE2�4;5�k�e�4�13��2�4 b 4�j	5/j;�r5/.R¥ a 5 A
j;5

eS5/4E*�e;���m©}*,��5o� a �fnpd�1l�«�;j;1�5}*�|ud��;j�1 vW|}5 a �01l.0e a 132!4�5u�w��1{*�2!4�5 Ω
�,d�1{*m�;j�1 � _S¡ 1{jS�r1ck

P
5<�t*�¥�1l5uj�gE-u�;j�1l5 _

�Ld�1{*
(Ai)16i6n

4;j�5#nH��.01 a{a 5og b -u��-/j�5u.05/j�*w��gE5u4��8�(gE5u4��)1{jS|}d�.0e;��*,1l¥ a 5/� _�¡ a d��w� `
¨



•
�,1�*,d�4;� a 5/� Ai

�rd�j!*«�Sj�1l�/k�� a d��w�«eSd�4���*�d�4E* i ∈ [[1, n]]
k
P (Ai) = 0

kE5}*�g�5%e a 4S�uk n
⋃

i=1

Ai

5<�t*m�;j;1Wk;g�d�j;| `

P

(

n
⋃

i=1

Ai

)

= 0 =

n
∑

i=1

P (Ai).

•
� b 1 a 5u�L13�r*,5 i0

*,5 a 2!4�5 Ai0

�,d�1{*�|}d��;j�1ck�� a d��w�/k a 5<��-u��-uj�5/.q5/j!*���-u*���j!*\g�5u4E� � gE5u4E� 1lj;|}d�.qeS�A*,1l¥ a 5/�/k
⋃

i∈[[1,n]]\{i0}
Ai ⊂ Ai0

_ ¤�d�j;|)|u5}*f5/j;�,5u.R¥ a 585/�r*R�;j�1ckDgEd�j;|8|w+;��|u4�jµgE5<�o-/��-uj;5u.05uj!*��qgE5N|}5}*,*,584�j�1ld�j
5<�t*��Sj�1 _S¡ 1lj;�r1ck�e�d�4��m*�d�4E*

i 6= i0
k
P (Ai) = 0

5u*
P (Ai0 ) = 1

_�¡ 1{jS�r1 `
n
∑

i=1

P (Ai) = 1.

­²������1 a{a 5u4��w�/k Ai0 ⊂
⋃n

i=1 Ai

k�5u*
Ai0

-}*���j!*�|ud��;j;1Wk�| b 5<�t*�gEd�j;|i-u~!� a 5u.05uj!* a 5o|/���mgE5 ⋃n
i=1 Ai

_�¡ 1{j;�,1 `

P

(

n
⋃

i=1

Ai

)

= 1 =

n
∑

i=1

P (Ai).

� _ �Ld�1�*
T ′ aWb 5ujS�r5/.R¥ a 5ogE5/�meS���,*,1l5/��gE-/j�d�.f¥�����¥ a 5/�«d�4�|}dEgE-/j�d�.f¥��w��¥ a 5/�#vpd�£Ng�-uj�d�.R¥��w��¥ a 5�� �;j�1�d�4N1ljE�;j;1�gE-uj;d�.q¦

¥��w��¥ a 5T��kvW���
T ′ 5/�r*#4�j�5f*,��1{¥�4 ` ¤�50.0©u.0502!4�5fe�d�4;� T k�5/j��,50�rd�4���5/j;��j!*y2!4 b 4�j�504�j�1ld�j�g b 4�j�j�d�.R¥���50gE-uj�d�.R¥��w��¥ a 5g b 5uj;�,5u.f¥ a 5<��gE-uj;d�.R¥;����¥ a 5<�«5/�r*�5uj;|ud���5igE-/j�d�.f¥��w��¥ a 5(vpe�d�4�� a �0�t*w��¥�1 a 1{*,-%eS����4�j�1ld�j�gE-/j�d�.f¥�����¥ a 5<� _�Ld�1{*

T ′′ a �N*,��1{¥;4�5/j�~�5/j;gE��-u5qe;��� a 5/�R�r1lj�~ a 5}*�d�j;� _ · d�.0.050e���-/|}-<gE5u.0.05uj!*<k T ′′ ⊂ T ′ k�|/��� a 5/�%�,1{j�~ a 5u*,d�j;��rd�j!*�g;��j;�
T ′ _¤�5%e a 4;�/k;�,d�1{* A ∈ T ′ `

•
�,1

A
5/�r*�gE-uj;d�.R¥;����¥ a 5�k A =

⋃

ω∈A

{ω}
kE|}5}*,*,5%4�j;1{d�jN-u*���j�*�gE-/j�d�.f¥��w��¥ a 5 ¢ gEd�jS| A ∈ T ′′ ¢

•
�,1

A
5/�r*�|}dEgE-/j�d�.f¥�����¥ a 5�k A ∈ T ′′ k�gEd�j;| A ∈ T ′′ _¡ 1lj;�,1Wk
T ′ ⊂ T ′′ _¤�5o|u5/��gE5/4E�81lj;| a 4;�,1ld�j;�/kEd�j�gE-/g�4�1�*�2!4�5 T ′ 5/�r* a �f*��,1l¥�4�5uj�~�5uj;g��,-/5ye;��� a 5<���r1lj�~ a 5u*,d�jS� _¬�5<��5/j;�,5u.R¥ a 5<�ª�Sj�1l�md�48|ud��;j�13���,d�j!*m��4;���r1�gE-/j�d�.f¥�����¥ a 5/��d�48|udEgE-uj�d�.R¥��w��¥ a 5<����48�,5uj;��gE5 acb -/j�d�j;|u-�k�gEd�j;|

T ⊂ T ′

� jE�;j�kDg�4¯nH��1{*qg�5 acb 5u�E1l�r*,5/j;|}5Ng b 5/j;�,5u.R¥ a 5<�fgE-/j�d�.f¥��w��¥ a 5/�o2!4�1mj�5N�rd�1{5/j!*fj�1��;j�13�qj�1«|ud��;j;1l�Nvpd�jµ��gE-rsr�
st4;�r*,1{�;-%5}*�4E*�1 a 13�r-o|u5}*r*�5%5}�E13�t*�5uj;|u5<��k T 6= T ′ _

vH¥S�
P ′ 5<�t*o¥�1l5uj¯g�-}�;j�1l5)gE4	nH��1�*q2�4 b 4�j®5/j;�,5u.R¥ a 5 A

j;5]eS5/4E*feS���%©u*,��5]� a �Nnpd�1l�fgE-uj�d�.R¥��w��¥ a 505}*q|}dEgE-uj;d�.q¦¥��w��¥ a 5 ` |u5 a �o�r4;e�eSd!�r5/����1�* 2!4�5 Ω
�,5u�w��1{* aWb 4�j�1ld�j]g�5�gE5u4��q5/j;�r5/.R¥ a 5/�ªgE-uj�d�.R¥��w��¥ a 5<�uk�g�d�j;|��,5u�w��1{* a 4;1�¦§.0©u.05gE-uj;d�.R¥;����¥ a 5�kE|}5o2!4�1�|}d�j!*,��5/gE1{* a 5<��+ �!e�d�*�+�z/�,5/� _��d�j!*��,d�j;�m2�4;5

P ′ 5/�r*�4�j�5%.05/�,4���5#g�5ie;�,d�¥;��¥�1 a 1�*�- `
• P ′ 5/�r*m¥;1{5/j��q�A� a 5u4;����g���j;� [0, 1] ¢
• Ω

-}*w��j!*�|}dEgE-uj;d�.R¥;����¥ a 5�k P (Ω) = 1 ¢
•
�Ed�1{*

(Ai)i∈I

4�j;5#nH��.01 ala 5ogE-uj�d�.R¥��w��¥ a 5#g b - a -u.05uj!*���gE5 T ′ k;gE5u4��8�0gE5u4E�N1{jS|}d�.0e;��*,1l¥ a 5/� _�¡ a d��w� `
∗
�,1 a 5/� Ai

�rd�j!*�*,d�4;�igE-uj�d�.R¥��w��¥ a 5<�uk a 5u4;�y4�j;1{d�jµvp5/j�j�d�.R¥���5RgE-/j�d�.f¥�����¥ a 5<�m5<�t*#��4;���r1DgE-/j�d�.f¥�����¥ a 5�k5}*�eS����|}d�j;�,-/2!4�5uj!* `
∑

i∈I

P ′(Ai) =
∑

i∈I

0 = 0 = P ′

(

⋃

i∈I

Ai

)

.

∗
� b 1 a 5u�E1l�r*,5 i0

*,5 a 2�4;5 Ai0

5<�t*o|}dEgE-/j�d�.f¥��w��¥ a 5�k�� a d��w�/kSe�4;1l��2!4�5 ⋃i∈I\{i0}
Ai ⊂ Ai0

k a 5<� Ai

k
i 6= i0

k
�,d�j!*m*,d�4S��gE-uj�d�.R¥��w��¥ a 5<�ukEgEd�j;|%gE5#e���d�¥;��¥�1 a 1{*,-#jL4 a{a 5 _S¡ 1lj;�r1 `

∑

i∈I

P ′(Ai) = P ′(Ai0 ) = 1.

����1l�/k
Ai0 ⊂

⋃

i∈I

Ai

k;gEd�jS| ⋃
i∈I

Ai

5<�t*�-u~!� a 5u.05uj!*�|}dEgE-/j�d�.f¥��w��¥ a 5�kEgEd�j;| `

P ′

(

⋃

i∈I

Ai

)

= 1 =
∑

i∈I

P ′(Ai).

¤ b d�£ a � σ
¦ ��g�g�1�*�1{�L1{*,- _

¡ 1lj;�,1Wk
P ′ 5/�r*m4;j�5%.05/�,4��,5%gE5%e;�,d�¥;��¥�1 a 1�*�- _

h


