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pn = αpn t ^�u α ∈ R
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5q*
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t dGh -qy�-qi�5/.05qi!*%z�df�{jH��.k1fdfde5g� n

5qiRjH��i�*r� `�| de^����#z
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⋃

n∈NN∗

An,

pq5/��-/y�-qi;5q.05qi!*��}-q*���i!*�~R5/4Rn8�(~R5/4Rn)1fi;po^�.0b;�A*�1ec�df5/� `�| 1fi;�,1�z

P (A0) =
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n=1
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+∞
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P (A0) =
ap

1 − p
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n∈N

P (BS | An)P (An).
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b− 1 `M| 1fi;�s1 t �s1 ^�i)^�4;c�de1f5�df�lb��,5/.01e�/�,5bC���,*,1f5 t df5£jH��1_*2!4�5 A
b�5q�r~R5�-/2!4�1fyA��4R*���df�wbC5/�s*�5�~R5

A
��y�5/pS4�i%.0^�i�*r��i!*�1fi�1e*,13��d�~�5

a+1
�H5o*�~�^�i;p

b = S−a−1 = b−1 tb;4�1f��2!4�h ^�i8��nR5%df�0�,^�.0.05m*�^�*r��df5 ��`�| 1eiC�s1�z
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P (Aa | S) = P (Aa−1).
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∀a ∈ [[1, S − 1]], P (Aa) = pP (Aa+1) + (1 − p)Aa−1.
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∀a ∈ [[1, S − 1]], ua+1 =

1

p
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1

p

)
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��y�5<p�de5<��pq^�i;~�1_*�1e^�i;����4Rn(cC^���~;��z
u0 = 1

�
A
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P = pX2 − X + (1 − p) = (X − 1)(pX − (1 − p)).
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>#?AW*) EGW�?(T�D�L,+ 1−p

p
= 1 - T/.eWMLqI��10*�2�EH?AW p = 1
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λ
5o*

µ
*,5qd3��2!4�5%b�^�4��x*�^�4R*

a ∈ [[1, S]] t
ua = (λ + µa)1a.

a 5/��pq^�i;~R1e*,1f^�iC����4Rn)c�^��r~���~R^�i�i�50z u0 = 1 = λ
5o*

uS = 0 = λ + µS `;| 1fi;�,1 t λ = 1
5o*

µ = − 1

S
t ~�h ^�u¡z

∀a ∈ [[1, S]], ua = 1 −
a

a + b
=

b

a + b

a ��de1f.01_*�5wde^�����2!4�5 b
*�5qi;~ky�5q�r�

+∞
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	q.05�df�lb���^�c;��c�1edf1e*,-m2!4�5 B
bC5/��~R5 t -q����de5�� a

a+b
`
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∀a ∈ [[0, S]], ua = λ + µ
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p
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5o*
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1−p

p
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1
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=
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+
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+
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=

(1 − p)a(pb − (1 − p)b)

pa+b − (1 − p)a+b

=
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pr+;��i;po5<���,4��
1024

~R5{������i�5/� t .
	/.k5k�s1 B
~�1f�,bC^!�s5{~�h 4;i�5gjJ^��s*�4�i�5

1f.k.05/i;�s5 $
∗
�,1

p ∈] 1
2
, 1[ t ��de^�����z

1 −

(

1

p
− 1

)b

∼
b→+∞

−

(

1

p
− 1

)b 5q*
1 −

(

1

p
− 1

)a+b

∼
b→+∞

−

(

1

p
− 1

)a+b

.

�£���Spo^�i;�s-<2!4�5qi!* t d3�wdf1e.01e*,5x~R5 ua

5/�s*
1 ` � 5�i�h 5/�s*Sb;����*,���/�-o*�^�i�i;��i!*�zA�s1 B 5/�s*��1fpr+�13���s1f.05 t 5o*£2�4;5�df5���5/4ld�h ��yA��i!*r����5 tp�h 5/�s*�i�^���.(��d�2!4�h 1ed�������i�54$

!�iR�;i t df5���5q4¡-o*r��i!*g�s�M.0-o*��,132!4�5 t 1fd��s4��0*l~�h 1fi!y�5q�r�s5/�mdf50�,��de50~R5 a
5o*

b t ��1eiC�s1£2!4�5(~R5 p
5o*

1 − p t bC^�4��#^�cR*�5qi�1f�%df�b;�,^�c;��c�1fdf1_*�-
vb

~R5%bC5/�s*�5%~R5
B
z

vb =
pb(pa − (1 − p)a)

pa+b − (1 − p)a+b
.

� i�^�c�*,1f5qi!*�~R^�iCp{z
ua + vb =

(1 − p)a(pb − (1 − p)b)

pa+b − (1 − p)a+b
+

pb(pa − (1 − p)a)

pa+b − (1 − p)a+b
= 1.

X�Y�W!?AT�EGT�W ���]' � ^�*,^�i;� p
df��b��,^�c;��c;1edf1_*�-l2!4�h 1ed�i�5gjJ4;.k5{b;����de5{b���5q.01e5/����^�4��{�Gp�h 5/�s* t ~R1f�,^�i;� t d3�(b���^�cC��c�1fde1e*,-{2�4�h 1fdi;5jJ4�.05�b;����4�ig��^�4��x��yA��i!*�~R5��/h �����&	q*,5q��~R5wjJ4�.05/� t .(��df+�5q4���5q4C�s5/.k5/i!*�b���^�c;��c�de5/.05qi!*�-q�!��df5w�l� � �s5<��c�^�i�i;5/���,-<�s^�de4R*�1e^�i;�po^�.k.05/i;po5/i�*w��de^����}df5g~R5q4RnR1f�q.05}��^�4�� ��`\M^�1e* t b�^�4��k*�^�4R* n ∈ N

∗ t An

d�h -/y�-/i�5q.05qi!*�z 5#de58jJ4�.05q4;�ki;58jJ4;.k5�b;���{df5
n
��1f�q.05{��^�4�� t 5o*0i�^�*�^�i;� pn = P (An) `

a h -qi�^�i;po-%i;^�4;�m~R1_*#po5l2!4�h 1fd�,5gb;�����,5%4�i(��^�4;�m����pr+;��i�*�pq5l2!4�h 1ed��qh 5/�s*�b;���,�,-%4�i(��^�4��wb���-/pq-/~R5/i�*k�H~R^�i;p%5qi�jH��13�,��i�*w4;i�5~R13�,pq4;�,�,1f^�i]�s4���4;i�~R-<po^�4�b;����5%~R5
Ω
�,5qdf^�i�4�i�po5/�s*r��1fi��,�R��*��q.05%po^�.0b�df5o* ��`\M^�1e*

n ∈ N
∗ `£� ^�4;�0��dfde^�i;�k~R^�i;p84R*�1edf1f�,5q�0d3��jJ^��,.{4�df58~R5<�{b;�,^�c;��c�1fdf1_*�-/�{*,^�*���df5/�k�,4��0de5]�s�R�s*,�/.k5]po^�.0b�de5q* (An, An) `

| 1fi;�,1�z
pn+1 = P (An+1) = P (An+1 | An)P (An) + P (An+1 | An)P (An) = 0.3pn + 0.9(1 − pn) = 0.9− 0.6pn.

�



| 1fi;�,1 t (pn)n∈N∗

y�-q��1e�;5md3�k�,5/df��*,1f^�i]~R5%��-/po4;�,��5qi;pq5m�,4�1fy���i!*,5(z
∀n ∈ N

∗, 10pn+1 = 9− 6pn.

� d��/h ����1e*m~R^�i;pg~�h 4�i�5k�s4;1_*�5{����1e*,+�.0-o*�1fpq^�����-/^�.0-o*��,132!4�5 ` \M^�1_* c ∈ R
5q*mb�^�4��m*,^�4R*

n ∈ N
∗ t an = pn − c ` � +�5q�rpr+�^�iC� c~R5%�s^��s*�5%2�4;5

(an)n∈N∗

�,^�1e*w��-q^�.0-o*,��132�4;5{z
∀n ∈ N

∗, 10an+1 = 10pn+1 − 10c = 9 − 6pn − c = 9 − 6an − 6c− 10c = −6an + 9 − 16c.

� d��s4 �k*�~�^�i;p%~R5#b���5qiC~R�,5 c = 9

16
` � i�^�cR*�1e5/i�*���de^�����z

∀n ∈ N
∗, an+1 = −

3

5
an,

~�^�i;p�z
an =

(

−
3

5

)n−1

a1 =

(

−
3

5

)n−1 (

p −
9

16

)

.

| 1fi;�,1�z
∀n ∈ N

∗, pn =

(

−
3

5

)n−1 (

p −
9

16

)

+
9

16

b�4�13�qz
lim

n→+∞

pn =
9

16
.

\M^�1e*�bC^�4���*�^�4R*
n ∈ N

∗
de5<�x-qy�-/i�5q.05/i�*r�#z

• B
z 5md3�{b�5q�r�,^�i�i�5%���,��1ey�5m�0�/h ���,�1	o*�5q��~R5#jJ4�.05q� 7 �

• Bn

5 | b;���s*�1e��~R4
n
��1e�/.05���^�4��l�H5o*wb�5q4R*,� 	q*,��5#��yA��i�* � t d3�0bC5/���,^�i;i�5mi;5#jJ4�.05%b�de4C�47 �

•
b�^�4;�x*,^�4�*

m > n t Bn,m

z%5�d3�0bC5/���,^�i�i;5mi�5#jJ4;.k5%bC����5qi!*��,5#df5/�S��^�4����
n
5o*

m
1fi;podf4;�47 `

| 1fi;�,1�z
• B =

⋃

n∈N∗

Bn
t 5o*xdf�{�s4�1e*,5 (Bn)n∈N∗

5/�s*�po��^�13�,����i!*,5g�G�s1 5/dedf5mi;5�jJ4�.05�b�df4;�x�gb;���s*�1e�x~R4
n
��1f�q.05���^�4�� t 5qdf^��r�}p�h 5/�s*�yM����1

��4;���s1��kb;���s*�1e��~R4
n + 1

��1f�q.05���^�4�� t ~R^�i;p�bC^�4��x*,^�4R* n ∈ N
∗ t Bn ⊂ Bn+1 � �

•
b�^�4;�x*,^�4�*

n ∈ N
∗ t Bn =

⋂

m>n Bn,m
t 5o*wd3�k�,4�1e*,5 (Bn,m)m>n

5<��*�~R-<po��^�13�,����i!*�5 `
� ^�4;�%��dfde^�i;�%~R^�i;p04R*,1fdf1f�,5q�gdf50*,+;-q^����q.05(~R5(d3�]de1f.01_*�5(.0^�i�^�*,^�i;5k4;i�5(b���5q.01e�/�,5kjJ^�1f�%b�^�4;�l~R-o*�5q��.01ei�5/� P (Bn) t bC^�4��*,^�4R*

n ∈ N
∗ t b�4�13�x4�i�5g~R5/4RnR1e�/.05#jJ^�13�xbC^�4��w~R-o*�5q��.01ei�5/� P (B) `� ^�.0.05qi;�q^�i;�x~R^�i;pmb;����~R-q*,5q��.01ei;5q� t b�^�4;��*�^�4R* n ∈ N

∗
5q*x*,^�4�*

m > n t df�kb���^�cC��c�1fde1e*,-�~R5 Bn,m ` \R^�1e*x~R^�i;p n ∈ N
∗ t5o*

m > n `;¢ h ��b;�,�<�xdf�{jJ^���.l4;de5%~R5<�xb��,^�c;��c;1edf1_*�-/��pq^�.0bC^!�s-/5/� t
P (Bn,m) = P (An ∩ An+1 ∩ · · · ∩ Am) = P (An)

m
∏

i=1

P (An+i | An∩· · ·∩An+i−1) = P (An)

m
∏

i=1

P (An+i | An+i−1),

pq���wde5ljH��1e*m~R5ljJ4�.05q��4�i0��^�4���~R^�i;i�-li�5{~R-qb�5qi;~P2�4;5{~R5lpq5l2!4�h 1edS�qh 5/�s*�b;���,�,-gd3�(y�5/1edfdf5 t 5q*mi�^�i�~R5/����^�4��r�wb;�,-<po-/~�5qi!*�� `� � t b�^�4;�x*,^�4�* i ∈ [[1, m]] t P (An+i | An+i−1) = 3

10

~�h ��b;�,�<�xdGh -qi�^�i;po- `�| 1fi;�,1�z

P (Bn,m) = P (An)

(

3

10

)n

.

¢ h ��b;�,�<�xdf�kb���^�b���1f-o*,-#~R5<��de1f.01_*�5/��.0^�i�^�*�^�i�5<� t ^�i]^�cR*,1f5qi!*w~R^�iCp{z
∀n ∈ N

∗, P (Bn) = lim
m→+∞

P (Bn,m) = 0,
b�4�13�qz

P (B) = lim
n→+∞

P (Bn) = 0.

| 1fi;�,1 t 1fd�5/�s*kb���5/��2!4�5]po5q�,*���1ei�2�4;5�pq58jJ4;.k5/4��0i�5�po5<�,�,5q�r��b;���k~�5)jJ4�.05/� ` � dxdf4�1xjH��4R*(~R^�i;p)b�^�4;�0pq5qd3�Pb;�,5/i;~R��58~R5<��,-<�s^�de4�*,1f^�i;�}c�5/��4Cpo^�4;b8b�df4;�xjJ^��s*�5/��2!4�5%po5/dedf5/�s� po1 $
X�Y�W!?AT�EGT�W�� � '8\M^�1e*

(Ω, T , P )
4�i]5<�sb;��po5�b���^�c;��c�1edf13�s- `v ` A

5o*
B

�,^�i!*)1fi;~R-qb�5qiC~���i!*��]~R^�i;p
P (A ∩ B) = P (∅) = 0 `x¢ 5�b�df4;� t A

5o*
B

�,^�i!*)1fi;~R-/bC5/i;~���i!*r� t ~R^�i;p
P (A ∩ B) = P (A)P (B) `�| 1fi;�s1 t P (A) = 0

^�4
P (B) = 0 t ~R^�i;p A

^�4
B
5<��*�b���5/��2!4�5o��1e.0b�^����s1fc�df5 `� ` \M4;b�bC^!�s^�i;� A

b���5/��2!4�5o��1f.kb�^����,1ec�df5[�J.
	q.05��r��13�s^�i�i�5/.k5/i!*0b�^�4;�
B ��`}| df^��r�0^�i �¡*,^�4A��^�4��r�

P (A) = 0 t ~R^�i;p
P (A)P (B) = 0 t 5o*mpq^�.0.05 A ∩ B ⊂ A t P (A ∩ B) 6 P (A) = 0 t ~�^�i;p P (A ∩ B) = 0 = P (A)P (B) ` | 1eiC�s1 t
A
5q*

B
�,^�i!*�1fi;~R-qb�5qiC~���i!*�� `!�i[��5qyA��i;pr+�5 t 1fd�i�h ������4;po4;i�5(����1f�,^�i�bC^�4��l2!4�5 A

5q*
B
�,^�1f5qi!*g1fi;po^�.0b;�A*�1ec�df5/� `�� d��,4��0*l~R5(b���5qiC~R�,50b�^�4�� Ai�h 1f.kb�^��,*,502!4�5qd�-qy�-qi�5/.05qi!*�2!4;���s1e��1f.0bC^!�,�,1fc�de5l5o*mi;^�i�1f.0bC^!�,�,1ec;de5��J4�iP*,1f������5g1fiR�;i�1£~R5ljH��pq5/�mb;����5onR5q.0b�df5 � t 5q*b�^�4��

B
dGh 4�i�1fy�5/���

Ω `R| df^��r� A∩B 6= ∅
t ~�^�i;p A

5q*
B
i�5#�s^�i�*}b;����1fi;po^�.kbC�A*,1fc�df5/���J.(��13�x�s5/4�df5q.05qi!*�5xb���5/��2�4;5o�

1fi;po^�.0b;�A*�1ec�df5/�47 ��`
� ` \M1 A 5/�s*�1eiCpo^�.0b;��*,1fc�df5m��y�5<p�df4�1C.
	/.k5 t ��de^���� A∩A = ∅

t ~R^�i;p A = ∅ `!a 5��s5/4�dC-/y�-/i�5q.05qi!*�1fi;pq^�.0b;�A*�1ec;de5���y�5/pdf4�1e��.
	q.05%5<��*�~R^�i;p�dGh -qy�-qi�5/.05qi!*�1e.0b�^����s1fc�df5 `\M1
A
5<��*01eiC~R-qb�5qi;~;��i!*�~R58df4�1�.
	q.05 t ��de^���� P (A) = P (A ∩ A) = P (A)2 ` �S���(po^�iC�s-<2�4;5qi!* t P (A) = 0

^�4
P (A) = 1 ` � i85/i�~R-/~R4;1_*�2!4�5 A

5<��*w2!4;���,1e��pq5q�,*���1fi)^�48b;�,5<�,2!4�5q��1f.0bC^!�,�,1ec;de5 `��-<po1fb���^M2!4�5/.05qi!* t df5/�}-qy�-qi�5/.k5/i!*��}2�4C���,1_� po5/�s*r��1fi;��^�4�b���5/��2�4;5o��1e.0b�^����s1fc�df5/��y�-q��1e�;5qi!*}pqdf��1e��5q.05/i�*}df�lcC^�i�i�5#��5qd3�A�*�1e^�i�b�^�4;�:	o*,��5#1eiC~R-qb�5qi;~;��i!*�~�h 5q4RnM��. 	/.05 `

�


