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X�Y�W!?AT�EGT�W[Z)']\M^�1_*
n > 1 `Ca �(b���^�c;��c�1edf1e*,-g2!4�h 4�i�5%jH��.k1fdfde5l��1_*m5on���po*,5q.05/i�* n

5/iRjH��i!*r��5/�s*
pn = αpn t ^�u α ∈ R

+
5q*

p ∈]0, 1[ `v ` \M^�1_*wb�^�4;�x*,^�4�* n ∈ N
t dGh -qy�-qi�5/.05qi!*%z�df�{jH��.k1fdfde5g� n

5qiRjH��i�*r� `�| de^����#z
A0 =

⋃

n∈NN∗

An,

pq5/��-/y�-qi;5q.05qi!*��}-q*���i!*�~R5/4Rn8�(~R5/4Rn)1fi;po^�.0b;�A*�1ec�df5/� `�| 1fi;�,1�z

P (A0) =

+∞
∑

n=1

P (An) =

+∞
∑

n=1

apn.

� 5q*s*,5g�,-q��1f5#pq^�iMy�5/�,��5�5q��5<p�*,1fy�5/.05qi!*l�H�,-q��1e5#��-q^�.0-q*,��1f2!4�5#~R5%�r��13�s^�i
p ∈ [0, 1[ t 5o*w^�i8*,��^�4;y�5kz

P (A0) =
ap

1 − p
.

��4;1f��2!4�5
P (A0) 6 1 t ^�i�5qi�~R-<~R4�1e*�2!4�5 ap

1−p
6 1 t b�4;1f��2!4�5 ap 6 1 − p t b�4�13��2!4�5 a + 1 6 1

p
`� `�� ^�*,^�i;� t bC^�4���*,^�4R* S ∈ N

t BS

d�h -/y�-/i�5q.05qi!*w��y�^�1e�
S
�������q^�i;� `\M^�1_*

S ∈ N `� i)pq^�i;�,13~R�q��5wdf5��,�R��*��q.05�po^�.0b�de5q*
(An)n∈N

t pr+;��pq4�i)~R5�po5<��-/y�-qi;5q.05qi!*���i�h -o*���i!*�b;����2!4;���s1e��1f.0bC^!�,�,1fc�de5 `�| de^���� t~�h ��b;�,�<�xdf�{jJ^���.l4;de5%~R5<��b���^�c;��c�1edf1e*,-/��*�^�*���de5<�#z

P (BS) =
∑

n∈N

P (BS | An)P (An).

� �%z
•
�s1

n < S t ��df^��r� P (BS | An) = 0 �
•
�s1

n > S t de5#i�^�.lc���5%~R5%�������q^�i;�}�,4�1_*w4;i�5%de^�1�c�1fi�^�.013��df5 B(n, 1

2
) `;| 1fi;�,1 P (BS | An) =

(

n
S

)

1

2n
`�H����i;�xbC�����s5/��b;���xdf5/��df^�13��pod3�����s132!4�5/��z (n

S

) po^��,��5/�,b�^�i;~���4�pr+�^�1en)~R5%d3�{b�^��,1e*,1f^�i�~R5/�x�!���r�o^�i;�x~���i;�xd3�{jJ����*,��1e5 t5o*
1

2

�kd3�kb��,^�c;��c;1edf1_*�-#bC^�4��wpr+;��2!4�5#5/iRjH��i!*�2!4�5%po5g�,^�1e*�4�i�5#�;dfde5#^�4�4;i��!���r�o^�i t *�5qd�2!4�5g�,^�4;+;��1e*,- ` �
•
bC^�4���*�^�4R*

n ∈ N
∗ t P (An) = apn �

• p(A0) = 1 − ap

1−p
`

| 1ei;�,1�z
•
�s1

S = 0
z

P (B0) = 1−
ap

1− p
+a

∑

n∈N∗

(

n

0

)

(p

2

)n

= 1−
ap

1− p
+a

∑

n∈N∗

(p

2

)n

= 1−
ap

1− p
+

ap

2− p
= 1−

ap

(1 − p)(2 − p)
.

•
\M1

S > 0
z

P (BS) =
+∞
∑

n=S

(

n

S

)

(p

2

)n

=
(p

2

)S
+∞
∑

n=0

(

n + S

S

)

(p

2

)n

=

(

p
2

)S

(

1 − p

2

)S+1
=

2pS

(2 − p)S+1
,

~�h ��b����/�xd3�{jJ^���.l4�df5%~R4]c�1ei;��.05%i�-q�!�A*�1_jx�H~R-/�,1fyA�A*,1f^�i]~R5%d3�0�s-/�,1f5#��-q^�.0-o*,��132�4;5 ��`
X�Y�W!?AT�EGT�WP��')\R^�1e*

Ω = [[1, 6]]n `;� i]��-/�,4�de*��A*�~�5%dGh 5onRb�-q��1e5/i;po5%po^��,��5/�,b�^�i;~8~R^�i;p#��4 n
��4�b�df5o*�~�5/��yA��df5q4;����*,1f��-q5/�wbC^�4��

pr+;��2!4�5%~R- t 5/i]�,4�b�b�^�����i!*w2!4�5gd�h ^�i��{iM4�.0-/�,^�*,-%df5/�w~R-<�w~R5 v � n
�Hpq5l2!4�5%dGh ^�i]b�5q4R*�*,^�4���^�4��r��~R-/pq1f~�5q��~R5#jH��1e��5 t �,��i;�.0^M~�1_�;5/�0df��b���^�c;��c�1edf1e*,-)��5/pr+;5q�rpr+�-q5 ��`S� h ������i!*kb;���0~�h +M�!b�^�*�+��/�,5]�s4��0df5/�0~R-<� t ^�i�bC5/4R*��r��13�s^�i�i;��c;de5/.k5/i!*{�s4;b�bC^!�s5/�

2!4�h 1fd3���s^�i�*x*�^�4;��-<2!4�1edf1fc��,-<� t ~�^�i;p#2!4�5�*,^�4;��df5/�}*,1f�r����5<�x~R5 Ω
�,^�i!*�-/2!4�1fb���^�c;��c�de5<� `\M^�1e*

Ω1

dGh 5qi;�,5q.{c�df50~�5/��*,1f�r����5<�#~R5
Ω
~R^�i�i;��i�*#4�i�5��,^�.0.05k1e.0b;��1e��5 t 5q* Ω2

d�h 5qi;�,5q.{c�de5(~R5<��*,1f������5<�m~R5
Ω
~R^�i;i;��i!*

4�i�5(�,^�.0.05kbC��1f�,5 ` | de^���� (Ω1, Ω2)
jJ^���.05{4;i�5(b;���,*,1e*,1f^�i¡~R5

Ω `�¢ 50b�df4;� t 1fd£5onR1f�s*,504�i;5kc;1 ��5<p�*,1f^�i ϕ
5qi!*,��5

Ω1

5o*
Ω2~R^�i;i�-q5#b;���%z

∀(x1, . . . , x6) ∈ Ω1, ϕ(x1, x2, . . . , x6) =

{

(x1 + 1, x2, . . . , x6)
�,1

x1

5<��*�1f.kbC��1f� t
(x1 − 1, x2, . . . , x6)

�,1
x1

5<��*�b;��1e�
v



�J^�i%�,5/.kb;df��po5�d3��yA��df5q4��
~R4gb���5q.01f5q�
~�-��,5<�sb�5/po*,1fy�5/.k5/i!*�b;���S� t � ^�4��w�,1M�,�xyA��df5q4;��1fi�1_*�1f��de5�5/�s* v t�� ^�4�� t 5q*
1fi!y�5q�r�s5/.05qi!* �^�ilpr+C��i���5�c�1f5qild3�wbC����1_*�-�~R5}df�m�s^�.0.k5}po5�jH��13�,��i�* ��� dR�/h ����1e*
c�1f5qil~�h 4�i;5�c�1 ��5/po*,1f^�i t p/����5qig��5ojH��1f����i!*
d3�w.
	/.k5�^�b�-q�r�A*�1e^�i t^�i��,5q*,^�.lc�5#�,4���df5g�s5qnM*,4�b�df5o*w1fi�1e*,13��d��Gpo5g2!4�1�b�5q��.05o*�~R5%po^�i;�s*,��4�1e��5�4�i�5%��-/po1fb���^R2�4;5 ��`
| 1fi;�,1 t |Ω1| = |Ω2|

t 5o* |Ω1| + |Ω2| = |Ω| `�¢ ^�i;p |Ω2| = 1

2
|Ω| ` | 1fi;�,1 t ~�h ��b����/��d3�0jJ^��,.{4�de5{~R5 a ��b�d3��po5 t d3�(b���^�c;��c�1edf1e*,-~�h ^�cR*�5qi�1f��4�i�5g�,^�.0.05#b;��1f�,5#5<��*%z

p =
|Ω2|

|Ω|
=

1

2
|Ω|

|Ω|
=

1

2
.
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��5q.(����2!4�^�i;�x2�4;5�df5#*,^�*���d�~R4�pq��b;1_*r��d�~R5

A
5q*�~R4�pq��b;1_*r��d�~R5

B
�,5<��*�5���nR5 `;� ^�*,^�i;��po5%p/��b�1e*���d S `\M^�1e*�bC^�4��}*,^�4R*

n ∈ N
∗ t Aa

d�h -qy�-/i�5q.05/i�*
A
�;i�1e*wb;��� 	q*,��5m��4�1fi�-m5<��*���4�1fi�- t �/h 1fd�~R13�sb�^��,5�1ei�1e*,13��df5q.05/i�*w~�h 4�i�5%�,^�.0.05 a�J5q*�~R^�i;p

B
~�h 4�i�5g�,^�.0.05

S − a = b `\M^�1e*
S
d�h -qy�-/i�5q.05/i�*%po^�i;�,1f�s*���i�*%5/i�4�i	�,4;pqpq�/��bC^�4��

A
��4�b��,5/.01e5/�#*,^�4;� `�� 1 S

i�1
S
i�h 5/�s*g2�4C���,1_��1e.0b�^����s1fc�df5 `�| 1fi;�,1 t~�h ��b����/�}d3�kjJ^���.l4�df5%~R5/�xb���^�cC��c�1fde1e*,-<�}*,^�*���df5/� t

P (Aa) = P (Aa | S)P (S) + P (Aa | S)P (S).

� �%z
•
\R1

S
5/�s*}��-/��de13�s- t ��de^���� A

~�1f�,bC^!�s5���b����/��4�i�5�b;���s*�1e5#~R5
a + 1

5q4���^�� t 5q* B
~R5

b− 1 `M| 1fi;�s1 t �s1 ^�i)^�4;c�de1f5�df�lb��,5/.01e�/�,5bC���,*,1f5 t df5£jH��1_*
2!4�5 A
b�5q�r~R5�-/2!4�1fyA��4R*���df�wbC5/�s*�5�~R5

A
��y�5/pS4�i%.0^�i�*r��i!*�1fi�1e*,13��d�~�5

a+1
�H5o*�~�^�i;p

b = S−a−1 = b−1 tb;4�1f��2!4�h ^�i8��nR5%df�0�,^�.0.05m*�^�*r��df5 ��`�| 1eiC�s1�z
P (Aa | S) = P (Aa+1).

• ¢ 5%.
	q.05 t �,1 S
i�h 5<��*�b;���x�,-<��df1f�,- t A �,5%�,5q*,��^�4�y�5m��y�5/p

a − 1
5/4��,^!�x��b����/�xd3�kb��,5/.01e�/�,5�b;���,*,1f5 t 5q*wb;���wpq^�i;�,-/2!4�5/i!*�z

P (Aa | S) = P (Aa−1).

� i85/i�~R-/~R4;1_*�2!4�50z
∀a ∈ [[1, S − 1]], P (Aa) = pP (Aa+1) + (1 − p)Aa−1.

!�i��,4�b�b�^�����i!*#2�4;5
p 6= 0

�H�,1fi�^�i t A b�5q�r~�b;�,5<�,2!4�5k�#"���5q.05/i�*%$ � t 5q*�5/iPi�^�*���i!* ua = P (Aa) t ^�i�^�cR*,1f5qi!*#df�)�,5/df��*,1f^�i~R5#�,-<po4�����5qi;pq5��,4�1fy���i!*,5(z
∀a ∈ [[1, S − 1]], ua+1 =

1

p
ua +

(

1 −
1

p

)

ua−1,

��y�5<p�de5<��pq^�i;~�1_*�1e^�i;����4Rn(cC^���~;��z
u0 = 1

�
A
b�5q�r~0jJ^���pq5q.05qi!*}�/h 1ed�~R13�sb�^��,5m~�h 4�i�pq��b�1_*r��d�iM4�d t p�h 5/�s*xdf�{po^�iC~R1_*�1e^�i)~�h �����&	q*~R4k��5q4'$ � 5o* uS = 0

�
A
�!����i�5�jJ^��rpo-q.05/i�*w�,1

B
~R1f�,b�^��,5#~�h 4�i�p/��b�1e*���d�i!4;d �o`� i8��5/pq^�i�iC��(3*x4;i�5%�s4�1e*,5%��-/pq4����,5/i�*�5�~�h ^���~R��5

2 t ~R5#b�^�df�Mi���.05%pq������p�*,-/�,13�s*,132�4;5{z
P = pX2 − X + (1 − p) = (X − 1)(pX − (1 − p)).

•
>#?AW*) EGW�?(T�D�L,+ 1−p

p
= 1 - T/.eWMLqI��10*�2�
EH?AW p = 1

2¢ ��iC��po5{pq��� t df5gb�^�df�!i;��.05lpq������p�*�-q��1f�s*,132!4�5%��~R.05o*m4�i�5l�r��pq1ei;5g~R^�4�c;de5g��-q5/dedf5%-q�!��df5g� 1 ` � i��,��1_*�2!4�5l~;��i;�mpo5lp/��� t1fd�5qnM13�s*,5%~R5/�x��-q5/df�
λ
5o*

µ
*,5qd3��2!4�5%b�^�4��x*�^�4R*

a ∈ [[1, S]] t
ua = (λ + µa)1a.

a 5/��pq^�i;~R1e*,1f^�iC����4Rn)c�^��r~���~R^�i�i�50z u0 = 1 = λ
5o*

uS = 0 = λ + µS `;| 1fi;�,1 t λ = 1
5o*

µ = − 1

S
t ~�h ^�u¡z

∀a ∈ [[1, S]], ua = 1 −
a

a + b
=

b

a + b

a ��de1f.01_*�5wde^�����2!4�5 b
*�5qi;~ky�5q�r�

+∞
5<��*

1
z�b�df4;�£df5wpq��b�1e*���dC~R4���^�4�5/4�����~Ry�5q�r�s5}5/�s*�1f.kb�^��,*���i!* t .0^�1fi;�S^�i0�#~R5wpr+C��i;pq5~�5��!����i�5q� ` \M1�df5x��5q4]5/�s*�-/2!4�1fde1fc���- t .01e5/4Rn8yA��4R*�~R^�iCp3	q*,��5#�,13pr+�54$

¢ 5�b�de4C� t df5mb���^�c;de�/.k5m-o*r��i!*x�,�M.0-o*,��132�4;5�5qi a
5q*

b t ^�i(*,��^�4;y�5m~�5m.
	q.05�df�lb���^�c;��c�1edf1e*,-m2!4�5 B
bC5/��~R5 t -q����de5�� a

a+b
`

a �]�s^�.k.05(~R5�pq5/�%~R5/4Rn�b���^�cC��c�1fde1e*,-<��-o*���i!*g-q����de5(� v t ^�i�5/i[~R-/~R4;1_*l2!4�5(d�h -/y�-/i�5q.05qi!*(z65�4�i[~R5<�%~R5q4�n)��^�4;5q4��r�
�Ci�1_*wbC����������i�5/�87 t p�h 5/�s*s� �A� ~R1f�,595wd3�kb;���,*,1f5%�qh �����1	o*,5:7 t 5<��*w2!4;���s1e��pq5q�,*���1ei `

�



• � WMV�Y�E��*) W]T�D�L,+
p 6= 1

2 �¢ ��iC��pq5(pq��� t de50b�^�df�Mi���.050pq���r��po*,-/�,13��*�1f2!4�5k��~R.05q*%~�5q4Rn��r��pq1ei�5<�#�s1f.0b�de5<���,-/5qdfde5<� 1
5q* 1−p

p
`�| 1ei;�,1 t 1ed£5qnM13�s*,50~R5q4Rn��-q5/df�

λ
5o*

µ
*�5qd3�w2!4�50z

∀a ∈ [[0, S]], ua = λ + µ

(

1 − p

p

)a

.

a 5/��pq^�i;~R1e*,1f^�iC����4Rn)c�^��r~�����.k�/i�5qi!*%z u0 = 1 = λ + µ
5o*

uS = 0 = λ + µ
(

1−p

p

)S

. | 1ei;�,1 t

µ =
1

1 −
(

1−p

p

)S
=

pS

pS − (1 − p)S

5o*
λ =

−(1 − p)S

pS − (1 − p)S
.

� i�^�c�*,1f5qi!*�~R^�iCp t b�^�4��x*�^�4R* a ∈ [[0, S]]
z

ua =
−(1 − p)a+b

pa+b − (1 − p)a+b
+

pa+b

pa+b − (1 − p)a+b
·

(

1 − p

p

)a

=
−(1 − p)a+b

pa+b − (1 − p)a+b
+

pb(1 − p)a

pa+b − (1 − p)a+b
=

(1 − p)a(pb − (1 − p)b)

pa+b − (1 − p)a+b

=

(

1

p
− 1

)a
(

1 −
(

1

p
− 1

)b
)

1 −
(

1

p
− 1

)a+b

�S^�4��wpq��dfpq4�de5/�xdf�0df1e.01e*,5g~R5%pq5o*s*�5%5onRb���5/���s1f^�i8de^�����2!4�5
b
*�5qi;~�y�5q�r�

+∞
�G�

a
��nR- � t ^�i�~R13��*�1ei���4�5%~R5q4�n�pq���#z

∗
�,1

0 < 1

p
− 1 < 1 t ~R^�iCp{�,1 p ∈]0, 1

2
[ t ��de^���� t de5<�mdf1f.k1e*,5<�#~R5 (

1

p
− 1

)b 5o* (

1

p
− 1

)a+b df^��r��2�4;5
b
*�5qi;~�y�5/���

+∞�,^�i!*�i!4;dedf5/� t ~R^�iCp
lim

b→+∞

ua =

(

1

p
− 1

)a

.

| 1fi;�,1 t 4�i0��5q4]jH��y�^���1f����i!* A
b�5q4R*�de4�1
bC5/�,.05q*s*,��5g~R5g�!����i�5q�g�G��y�5/p#4;i�5gb���^�c;��c�1fde1e*,-#i�^�i�i!4;dedf5 � jH��po5g�(4;i0��^�4�5/4����1fpr+�13���s1f.05 ` !£*�.
	q.05 t po5q*s*�5�b;�,^�c;��c�1fdf1_*�-�~R5�������i�5/�{i;5�~R-/bC5/i;~�b;���(~R4 pq��b;1_*r��d�~R5

B t .(��13�k4�i�132�4;5q.05qi!*�~R4pq��b�1e*���dx~R5
A

�Hb�de4C�kpq5�p/��b�1e*���d�5<��*k1e.0b�^��,*���i�* t b;de4;� ua

5/�s*kb�5o*�1_* t ~R^�i;p8b�df4;�{df�Pb��,^�c;��c;1edf1_*�-8~R5�������i�5/�l~R5 A5/�s*g���r��iC~R5 � p�h 5/�s*l�����,5��(df^���132!4�5 �o` �£���g5qnM5/.0b�de5 t �,1�df5#��5q4[5/�s*l~R-<�s-<2�4;1edf1ec;�,-
2

3

pq^�i!*,��5
1

3

5/i	jH��y�5q4;�g~R5
A t 5o*l�,1

A
~�1f�,bC^!�s5{��4P~R-/b;���,*m~R5 v �(5/4���^�� t 1fd�� 1023
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