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SV T™(V)/Gp, n-th symmetric power

A" Vi TV )(2Q2=0,2Qy=—yQxz), n-th exterior power
— Id : V = V, the identity; d=T!'=8'=A!

— T'w : Frobenius twist, defined as :
identity on objects, power p map on morphisms.
As a functor, Tw = Id

— W= F o Tw, first Frobenius twist of F'
— M= F(=1) o Tw, n-th Frobenius twist of F

™ 8™ A" eP, IdeP, TweP, FePy=FMePpuy

THE CATEGORY P OF STRICT POLYNOMIAL FUNCTORS

: a prime number

: category of finite Fp-vector spaces

DEFINITION (Friedlander, Suslin)

A strict polynomial functor P is :

— amap V — P(V) from Ob(£f) to Ob(EY);

— for each pair (V, W) of objects of £/, a polynomial map
from Hom(V, W) to Hom(P(V), P(W));

such that Py,y(idy) = idp(y) and the family (Py,w) is compa-

tible with composition (in the usual sense).

P : category of strict polynomial functors.

7+ subcategory of functors of degree d.
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1 HEOREM

Let /' and (' be two objects of P, respectively
and p". Let us assume that and
have . Then we have an

isomorphism of Yoneda modules

Extl (Id® 4+ (G o F)®))

Ext}(Id®), F) ® Exth(1d%), G) ® Extl (1dAH+0, (57" o 57")(8)),

where Ext(Id"+5+0 1q(+5+0Y acts on the third factor of the

tensor product.

AIM OF THE TALK

(QUESTION
Does there exist a formula giving the module Ext], 14, G o F)
in terms of the modules Ext}, 1d?), F) and Ext} 1, @) ?

REMARK
module = module over the algebra ;

product = of extensions.

We give a fomula for F' and G satisfying a certain hypothesis.

The general case is unknown.

EXAMPLES OF Ext-GROUPS IN P

TueoreM (Pirashvili’s vanishing theorem)
Let F and G be such that ,and /. an
functor. Then

Extp(4, F®G) =0.

THEOREM (Friedlander, Suslin, after Franjou, Lannes, Schwartz)

i = h h+-L
Extl,‘;.(ld(h+[)75ph(é))= F, if k=0 mod2p®, k<2p

0  otherwise.

INJECTIVES IN P

PROPOSITION (Friedlander, Suslin)

The strict polynomial functors S ® --- @ S% form a set of in-
Jective cogenerators of P.

Such functors satisfying i1 + - - - + i, = d form a set of injective

cogenerators of Py.

CONSEQUENCES
1. enough injectives = existence of Ext-groups in P

2. Each object F' of Py admits an injective resolution the terms
of which are direct sums of tensor products of symmetric
powers, of total degree d.



EXAMPLES OF FUNCTORS SATISFYING
THE HYPOTHESIS (H)
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MAIN INGREDIENT : POST-COMPOSITION IS ALMOST EXACT

THEOREM
Let P € Pyn, and 0 — F' — F — F" — 0 a short exact sequence
of objects of Pyx. Denote by /I the of :

00— PoF — PoF — PoF"—0.

Then Ext’ (Id"%) 1) = 0.

COROLLARY
Let P € Ppn, and C* a complex of objects of Ppx. Then,

Vn, ExthId"0) HY(P(C*))) = Exth (IdM+R), p(H(C?))).
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A SKETCH OF THE PROOF
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COMMENTS ON THE FORMULA

REMARK
The functors F and G are requested to satisfy the same hypo-
thesis which we will call (#) :

Hypothesis (1) for F € Ppn :

The module structure (QI'EXI}(I(I‘//"AF) is trivial.

REMARK

The modules Ext}, (1d+k+D | (5P* o 57" )() are unknown unless
p = 2. In this case it appears in fact as a of the

formula, as we will see later.

Idea : Representation theory of the symmetric groups gives the
structure of A8 ® A2 :
(7.1)

of the two right terms have trivial module structure because their
total dimension is 1.
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EXAMPLES AMONG SIMPLE OBJECTS

PROPOSITION
The Schur functors W 1)=Ker (A2h*1 Al — A2h) satisty (H).

Idea : Using the short exact sequence defining Wisn_y ), one
shows that the total dimension of Ext}‘,(ld(h),W@h,l,l)) is 1,

hence the module structure cannot be non-trivial.

PROPOSITION
The simple object S3,) satisfies ().

Idea : A2oA22 A o S@3,1)-
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THEOREM
The Poincaré series of Extl (14017 +ik) §2% o ... 0 §2) js :

i1tk

II a-#"
i=1
‘Pil,---,ik(t) = it . ix -
H(l _ tZ‘—l) . H(l _ 7:2‘—1)
i=1 i=1

It is a polynomial of degree d < 20+ +ix+l,
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COMPOSITIONS OF SYMMETRIC POWERS
In the following examples, p = 2.

PROPOSITION
The compositions S%0S%", h > 0, satisfy the hypothesis (M), Le.
the module structure of Ext} 1d*+D §2 o Szh) is trivial.

COROLLARY
The functors S** o ... 0 S*" also satisfy the hypothesis ().

Corollary = description of Extl (Id@++ik) g% o ... o §21)
(induction on k and ik, using the hypercohomology spectral se-

quences of the reduced Cobar construction of S*)
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FURTHER EXAMPLES

ProrosITION
The Schur functors W g 2) and W5 3y and the simple functor Sg 2
satisty (H).

QUESTION
Do all Schur and simple objects satisfy (H)?

If not, which ones do?
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