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a) I =

∫∫

D

xy2 dx
=
y, D = [0, 1] × [−1, 1] b) I =

∫∫

D

(x + y2) dx
=
y, D = [0, 1] × [−1, 1]

c) I =

∫∫

D

y2

1 + x2y2
dx

=
y, D = [0, 1]× [0, 1] d) I =

∫∫

D

x2y dx
=
y, D :

{

0 6 x 6 1
0 6 y 6 x

e) I =

∫∫

D

dx
=
y

(1 + x + y)2
, D :

{

x > 0
?�C

y > 0
x + y 6 1

f) I =

∫∫

D

x sin y dx
=
y, D :

{

0 6 x 6 1
x2 6 y 6 x

g) I =

∫∫

D

y
√

x dx
=
y, D :

=~��>@�7u0?U=~?3t�?�;7C@EF?&�������^�r?�C�=~?3EF���n��;��

h) I =

∫∫∫

D

(x + y + z) dx
=
y
=
z, D :

{

x > 0, y > 0, z > 0
x + y + z 6 1

i) I =

∫∫∫

D

xyz dx
=
y
=
z, D :

{

0 6 y 6 x 6 2
0 6 z 6 xy

k$l c7`<m�idmncK� 9��$x[CF?�EFA#�z;0?BE}s�� �z;7CFx�y�E���s�? ∫∫

D

xy dx
=
y
�O�n�

D
?B>DC,s�� ?B;
>@?�A��
sz?#=~?B>,�O����;7CF>}=~?#t[�H��E�=~��;
;0x�?^>��O�n>@��CF�z{n?B>

t���A#A�u
;
>v��u�=~��>@�7u0?U=~?3t�?�;7C@EF?
(0, 0)

=~?3E�������;
1
?�C���u�=~��>@�7u0?3=~?Ut�?�;7C@EF?

(0, 1)
=~?3E�������;

1 �
k$l c7`<m�idmnc�� 9�qr��s�t[u0s�?�Ews�� ��;7C@xBy�E���s�? ∫∫

D

(x2 + y2) dx
=
y
�H�n�

D
?B>DCvsz?}=~��A&���z;0?}�O��EF;0x}=~x�s��zA#�zC@x}�
��Ers����6�nu
t[s�?}=~?}s��

t���u0EF�O?}=�� x^�nu6�<C@����;
x3 − 3x2 + y2 = 0 �
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a) I =

∫∫

D

√

a2 − x2 − y2 dx
=
y, D : x2 + y2

6 a2 b) I =

∫∫

D

dx
=
y

1 + x2 + y2
, D : x2 + y2

6 1

c) I =

∫∫

D

x
√

x2+y2 dx
=
y, D :

{

x > 0, y > 0
a2 6 x2 + y2 6 b2 d) I =

∫∫

D

(x2 + y2) dx
=
y, D :







x > 0, y > 0
x2 + y2 6 1
(x − 1)2 + y2 > 1

e) I =

∫∫

D

x
√

x
2

dx
=
y, D :

{

(x, y) | x2

a2
+

y2

b2
6 1

}

f) I =

∫∫∫

D

dx
=
y
=
z

1 +
√

x2 + y2
, D :

{

x2 + y2 6 a2

0 6 z 6 1
1+x2+y2

g) I =

∫∫∫

D

dx
=
y
=
z, D :

{

x2 + y2 + z2 6 1
x2 + y2 6 x

h) I =

∫∫∫

D

dx
=
y
=
z

1 + x2 + y2 + 4z2
, D : x2 + y2 + 4z2

6 1

g) I =

∫∫∫

D

z dx
=
y
=
z, D :

{

x2 + y2 + z2 6 1
z > 0

h) I =

∫∫∫

D

z ch(x2 + y2) dx
=
y
=
z, D :

{

x2 + y2 + z2 6 1
z > 0
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a) I =

∫∫

D

sin(x + y) dx
=
y, D :

{

x > 0, y > 0
x + y 6 1

x + y = v, x = u

b) I =

∫∫

D

y2 ? y2

dx
=
y, D :

{

0 < x 6 y 6 2x

1 6 xy 6 2
u = y

x
, v = xy

c) I =

∫∫

D

? 2x dx
=
y, D :

{

0 6 y 6 x

x + y 6 1
u = x − y, v = x + y

d) I =

∫∫∫

D

(x + y + z) dx
=
y
=
z, D :

{

x > 0, y > 0, z > 0
x + y + z 6 1

u = x + y + z, v = y + z, w = z

e) I =

∫∫∫

D

sh((x + y + z)3) dx
=
y
=
z, D :

{

x > 0, y > 0, z > 0
x + y + z 6 1

u = x + y + z, uv = y + z, uvw = z

k$l c7`<m�idmnc�¡ 9(qr��s�t�u0s�?�E3|
� � s�� ����EF?}=0?3s�� ?�s�sz���
>@?3=~x[¢
;
�z?3�
��Evsz?^>w�z;
x�yn��sz�zC@x^> −a 6 x 6 a

?�C x2

a2 + y2

b2
6 1 £

� � s�� ����EF?}=0u�=0��A&����;0?}�0s���;2=~? (R+)2
=~x[¢6;0���
��E

y2 6 2ax
?[C

x2 6 2bx £
¤ � s�� ����EF?}=0?3s����O��u
t�sz?U=~?3>DC@EF���0 
��¥¦=~?��~=~x�¢
;0��?3�
��E |θ| 6

π
4

�0?�C
r = 2 cos2 θ−1

cos θ � sz?3{n��s�u0A#?3=~?3s��#tB��s���CDCF?3=~x[¢
;
�z?3�
��E x2 + y2 + z2 6 1, z > a £

�



� � sz?3{n��s�u0A#?3=~u�C@��EF?3=~?}�6?�C@�zC�E�������; R − r
?[C�=0?3y�E���;
= EF���n��;

R + r
�
R > r

� £� � sz?3A#�nA�?B;7C�=�� ��;0?BEDCF�z?3=�� u0;2=~��>@�7u0?3 0�nA#��y��B;0?}=~?3EF���n��; R
�
��EvE����0�O��E@C��#>D�n;�t�?�;7C@EF? £� � sz?3{n��s�u0A#?}?[C�s�?,A#�nA�?B;7C�=�� ��;0?BEDCF�z?3�
��EwEF���0�6�nEDC��#>@��;�t[?�;7CFE@?3=�� u0;0?3�O��u0s�?U=~?}E�������; R �

k$l c7`<m�idmnc�V 9
� ��� C@u6=~�z?BE�s��#t[��;H{n?�EFy�?�;6t[?$=0?

∫ π

0

dx

λ − cosx

>Du
�z{<��;7C�s�?B>w{<��s�?�u
EF>v=~?
λ
�
?�CvtB��s�t[u0s�?�E�t�?[C@C@?3��;nCFx�ynEF��sz? �

� ��	 ���zC 1 < a < b � qr��s�t�u0sz?BE
∫∫

[0,π]×[a,b]

dx
=
y

y − cosx
.

¤ ��
 ;�=~x^=~u0��E@?}s�� {<��sz?Bu0E�=~? J =

∫ π

0

ln

(

b − cosx

a − cosx

)

dx �

k$l c7`<m�idmnc�� 9 	 ���zC Q
s�?$�
��{nx�=~?

R
2 =~x�¢
;0�O�
��E 0 6 x 6 1

?[C
0 6 y 6 1

�n?�Cr>@���zC
D
s�?�CFE@����;
y�s�?�=~x[¢6;0�J�
��E

0 6 x 6 1?�C
0 6 y 6 x

� � qr��s�t[u0s�?�E
∫∫

Q

dx
=
y

(1 + x2)(1 + y2)

�~�0u0��>
J =

∫∫

D

dx
=
y

(1 + x2)(1 + y2)
�

� ��
 ;2�O�n>F��;7C x = r cos θ
�
y = r sin θ

�
�0u0��>
r2 = u

�~A��n;7C@EF?�Ev�7u0?
J =

∫ π

4

0

ln(2 cos2 θ)

2 cos(2θ)

=
θ.

¤ ��	 ���zC I =

∫ 1

0

ln t

1 − t2
=
t
?[C

K =

∫ π

4

0

ln(2 sin2 θ)

2 cos(2θ)

=
θ. 
� �0EF��A�?BE J +K

?[C
J−K

?B;�����;
t[C@����;&=~?
I
?�C ?�;&=~xB=0u0�zEF?

s��#{<��sz?Bu0E�=~?
I �

k$l c7`<m�idmnc�� 9����nu0E
n ∈ N

�
�n;��O�n>@?
Dn = [nπ, (n + 1)π] × R

+ �6?[C In =

∫∫

Dn

? −xy sin x dx
=
y � qr��s�t[u
sz?BE In

=~?

=0?�u  A&��;0���BE@?^>v=~�z�OxBE@?B;nCF?B> ��
 ;�=~x^=~u0��E@?}s�� {<��sz?Bu0E�=~?
∫ +∞

0

sin x

x
dx �

k$l c7`<m�idmncpo�� 9�����u0E
t ∈ R

+ �0��;�;0��CF? Ct = [0, t] × [0, t] �
� ��� u6>�CF��¢
?BEvs��&t���;H{�?BE@yn?�;
t�?$=~? I =

∫ +∞

0

? ix2 =
u
�
A =

∫ +∞

0

sinx2 dx
?[C

B =

∫ +∞

0

cosx2 dx.

� ��	 ���zC φ(t) =

∫ t

0

? ix2

dx � �2�n;nCFE@?BEv�nu
? φ2(t) =
iπ

4
− i

∫ π

4

0

? it
2

cos2 θ

=
θ.

¤ ��	 ���zC I(T ) =
1

T

∫ T

0

φ2(t)
=
t
qr��s�t[u0s�?�E�=~?3=~?Bu  A&��;0���BE@?^>w=~���Jx�EF?�;7CF?B>vs���sz��A#��CF?3?�; +∞ =~?

I(T ) �
 ��
 ;�=~x^=~u0��E@?3�7u0? A = B =

√
π

2
√

2
.

k$l c7`<m�idmncpoOo 9 ��� ��E@��> � � 	 qr� ����A#?3��;0;0xB?��0>@?��~CF?�A �0E@?#�������7�
	 ���zC D1 = {(x, y)|x > 0, y > 0, x2 + y2 6 1} ?[C D2 = {(x, y)|x > y > 0, x2 + y2 6 1} �
� � qr��s�t[u0s�?�Evs�� �z;7C@xBy�E���s�? J =

∫ 1

0

r2 cos(r)
=
r

� � qr��s�t[u0s�?�Evs�� �z;7C@xBy�E���s�? I1 =

∫∫

D1

x cos(
√

x2 + y2) dx
=
y �

¤ � qr��s�t[u0s�?�Evs�� �z;7C@xBy�E���s�? I2 =

∫∫

D2

x cos(
√

x2 + y2) dx
=
y �

k$l c7`<m�idmncpo0� 9 ��� ��E@��> � �0�! #" 	 �$��A#?3��;
;0x�?n�$%�u0��;h�����&�n�' ;�;0��C@?
D = {(x, y) ∈ R

2|x > 0, y > 0} � ' ;�t���;
>@��=���EF?}s��(����;6t�C@����; F
=~x[¢
;
�z?U>@u0E

D
�
��E

F (x, y) =
(

xy, x
y

)

.
� � �2��;7CFE@?BE��nu
? F

?B>DC�=~?Ut[s���>F>@?
C1 >@u0E D

?[C�=~x�C@?BE@A#��;0?�E�>F��A#��C@EF��t�?)%D��t[�n�0��?�;0;0?
� � �2��;7CFE@?BE��nu
? F

?B>DCvu0;0?3�0� %�?Bt[C@����;2=~?
D
>Du
E

D � �$x[C@?BE@A#��;0?�E$>@� E@x^t[���0EF�H�7u0? G �¤ ��
� �0s���t���CF?�E�s���A#��C@EF��t�?)%D��t[�n�0��?�;0;0?U=0? G
?�;�CF��u~C��O����;7Cv=0?

D �
 ��	 ���zC ε ∈]0, 1[

��?�C
Dε =

{

(x, y) ∈ D|εx 6 y 6
x

ε
,
?�C

xy 6 1
}

� ' ; �6�7>D? I(ε) =

∫∫

Dε

√

x

y
dx

=
y.
qr��s�t[u0s�?�E

I(ε)
?B;�u~CF�zs���>@��;nC}s�?#t� 6��;0yn?�A#?�;7C,=0?�{<��E@�����0s�?

(u, v) = F (x, y)
��?[CUt���s�t�u0sz?BE$s��:sz��A#��CF?#=0?

I(ε)
sz�nEF>F�7u0?

ε
CF?�;
=

{�?BEF>
0 �

�


